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Abstract. Soliton spheres are immersed 2-spheres in the conformal 
4-sphere 5"* = HP"' that allow rational, conformal paranictrizations 
/: CP^ — > BIP^ obtained via twistor projection and dualization from 
rational curves in CP^""'''^. SoUton spheres can be characterized as the 
case of equality in the quaternionic Pliicker estimate. A special class of 
soliton spheres introduced by Taimanov are immersions into R"' with ro- 
tationally symmetric Weierstrass potentials that arc related to solitons 
of the mKdV-equation via the ZS-AKNS linear problem. We show that 
Willmore spheres and Bryant spheres with smooth ends are further ex- 
amples of soliton spheres. The possible values of the Willmore energy 
for soliton spheres in the 3-splicrc arc proven to be 14^ = 4nd with 
d G N\{0, 2, 3, 5, 7}. The same quantization was previously known indi- 
vidually for each of the three special classes of soliton spheres mentioned 
above. 



1. Introduction 

The study of explicitly parametrized surfaces is one of the oldest subjects 
in differential geometry. For more than two centuries the focus was essen- 
tially on local parametrizations. Towards the end of the 20th century, with 
the rise of the global theory of minimal surfaces [27, 11, 22, 24] and the 
developments [1, 30, 21, 2] initiated by Wente's solution [36] to the Hopf 
problem about constant mean curvature surfaces in R^, the focus shifted 
to rather global considerations. Nevertheless, our knowledge about explicit 
parametrizations of compact surfaces is still surprisingly rudimentary com- 
pared to, for example, the highly developed theory of complex algebraic 
curves. 

An important source of explicitly parametrized spheres and tori is in- 
tegrable systems theory in combination with complex algebraic geometry. 
The use of integrable systems methods in the study of general confor- 
mal immersions without special curvature properties has been pioneered 
by Konopelchenko [23] and Taimanov [32, 33, 34]. Their approach is based 
on the Weierstrass representation for conformal immersions into which 
provides an intimate connection between conformal immersions and Dirac 
operators, see the survey [35]. These ideas were of great influence in the 



Date: May 14, 2009. 

2000 Mathematics Subject Classification. Primary: 53C42 Secondary: 53A30, 37K25. 
Both authors supported by DFG SPP 1154 "Global Diflferential Geometry". 

1 



2 



CHRISTOPH BOHLE AND G. PAUL PETERS 



development of quaternionic holomorphic geometry [28, 13] and the starting 
point of our investigations. 

The present paper is devoted to the study of soliton spheres, a class of 
immersed 2-spheres in the conformal 4-sphere 5^ that admit explicit ratio- 
nal, conformal parametrizations / : CP^ — > HP^ obtained by some twistorial 
construction from rational curves in CP^"^"^ and are characterized by the 
fact that equality holds in the quaternionic Pliicker estimate [13] 

> 47r [(n + l)(n(l -g)-d) + \ ord H\] , 

a fundamental estimate for the Willmore energy W of quaternionic holo- 
morphic line bundles. 

The term soliton spheres was introduced by Iskander Taimanov [34] for 
conformal immersions /: CP^ ^ ^ IjqJj related to multi-solitons of 
the modified Korteweg-de Vries (mKdV) equation. With the more general 
notion of soliton spheres discussed in the present paper, all Willmore spheres 
and Bryant spheres with smooth ends are examples of soliton spheres. 

Section 2 gives an overview about the basic concepts of quaternionic holo- 
morphic geometry. In particular, we explain the Mobius invariant represen- 
tation of conformally immersed surfaces /: M — > 5^ = HP^ as quotients 
of quaternionic holomorphic sections. In Section 3 we discuss the relation 
between equality in the Pliicker estimate and twistor holomorphic curves 
in HP". In Section 4 we show how Taimanov's soliton spheres [34] can be 
treated using the quaternionic language. For this we review the quaternionic 
version [28] of the Weierstrass representation for conformal immersions into 
Euchdean 4-space = H. 

In Section 5 we define soliton spheres using the Mobius invariant represen- 
tation of conformal immersions. We derive an alternative characterization 
of soliton spheres in terms of the Weierstrass representation which shows 
that Taimanov's soliton spheres are soliton spheres in our sense. 

In Sections 6 and 7 we use Darboux and Backlund transformations in 
order to show that Bryant spheres with smooth ends and Willmore spheres 
are examples of soliton spheres. In Section 8 we prove that all soliton spheres 
in with Willmore W < 327r are Willmore spheres or Bryant spheres with 
smooth ends and show that the possible Willmore energies of immersed 
soliton spheres in arc W — AttcI for d G (N\{0, 2, 3, 5, 7}). This generalizes 
previously known results about the quantization of the Willmore energy for 
Willmore spheres in [9], Taimanov's soliton spheres [34], and Bryant 
spheres with smooth ends [5] . 
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2. QUATERNIONIC HOLOMORPHIC GEOMETRY 

The principal idea of quaternionic holomorphic geometry [28, 13, 10] is to 
approach conformal surface theory using the concept of quaternionic holo- 
morphic line bundles. From this perspective the theory of conformal im- 
mersions appears as a "deformation" of the theory of holomorphic curves in 
CP". This section gives a quick overview about the basic notions of quater- 
nionic holomorphic geometry. Some special topics of surface theory in the 
conformal 4-sphere 5^ = HP^ are discussed in the appendices. 

2.1. Quaternionic vector spaces. The quaternions are the 4-dimensional 
real associative algebra HI = M © Mi © Rj © Mk with multiplication rules 
i^ = = k^ = ijk = — 1. A quaternion A = a + 5i + cj + dk is the sum of its 
real part Re(A) = a and its imaginary part Im(A) = 6i -|- cj + cflc. We write 
A = a — 6i — cj — (ik for the quaternionic conjugate. We identify with H 
and with the space of imaginary quaternions ImH = Mi © Mj © Mk. 

All quaternionic vector spaces in this paper are right vector spaces. The 
dual V* of a quaternionic right vector space V ^ naturally a left vector space, 
is made into a right vector space by defining a\ := (x i— > Xa.{x)) for A G H 
and a G y*. 

2.2. Quaternionic holomorphic line bundles. Let L be a quaternionic 
line bundle over a Riemann surface M, i.e., a vector bundle whose fibers are 

modeled on H. A complex structure on L, that is, a field J G r(EndL) of 
quaternionic linear endomorphisms with = — Id, makes L into a so called 
complex quaternionic line bundle. Denote by * the action on 1-forms of the 
complex structure of TM and by KL and KL the complex quaternionic 
line bundles whose sections are L-valued 1-forms uj that satisfy *a; = Jlo or 
*LJ = — Jlo, respectively. 

A quaternionic holomorphic line bundle over a Riemann surface M is a 
complex quaternionic line bundle L together with a quaternionic holomor- 
phic structure D, a differential operator D : r(L) — T{KL) satisfying the 
Leibniz rule 

L>(V'A) = (Z)V)A + {i^dXf 
for all V' G r(L) and A : M ^ H, where u" := \{uj-\-J*uj). For the kernel of D 
one writes H^{L) and its elements are called holomorphic sections of L. The 
Leibniz rule implies that a nowhere vanishing holomorphic section uniquely 
determines a quaternionic holomorphic structure on a complex quaternionic 
line bundle. 

The complex structure of a complex quaternionic line bundle L induces 
a decomposition 

L = L®L}, L = {tp e L\ JiIj = tpi} 

of L into isomorphic complex line bundles L and Lj . The quaternionic 
holomorphic structure 

D = d + Q 
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decomposes into a J commuting part d, which induces isomorphic complex 
holomorphic structures on L and Lj, and a J anti-commuting part Q called 
the Hopf field of D which is a 1-form with values in End(L) that satisfies 
*Q = —JQ = QJ. In other words, a quaternionic holomorphic line bundle 
is the direct sum of a complex holomorphic Hne bundle L with itself plus a 
Hopf field. 

In case M is compact one defines the degree of a complex quaternionic 
line bundle L over M as the degree of the underlying complex line bundle L: 

deg(L) := deg(L). 

2.3. Holomorphic curves in HP". The n-dimensional quaternionic pro- 
jective space HP" is the space of 1-dimensional subspaces [x] = xM. of H""*"^. 
Its tangent space at [x] G HP" is T[^]MF^ = Rom{[x],W+^ /[x]). 

A smooth map M HP" is the same as a smooth line subbundlc L of 
the trivial bundle H"+^ over M. In the following we will neither distinguish 
between L and the corresponding map M — ^ HP" nor between the trivial 
vector bundle and the corresponding vector space. For example, a smooth 
map into HP" is usually denoted by L C H"+^ . The derivative of the map 
L is then given by 

(5 = 7rV|i, 

where tt: H""*"^ H"+^/L is the canonical projection and V denotes the 
trivial connection on H"^-'^. A line subbundlc L C H"+^ of the trivial H""^^- 
bundle over a Riemann surface M is called a holomorphic curve if L admits 
a complex structure J G r(End(L)), = — Id such that 

*(5 = SJ. 

A holomorphic curve HP" is immersed if S is nowhere vanishing. Otherwise, 
a non-constant holomorphic curve is called branched, cf. Appendix A.l. 

2.4. The quaternionic projective line HP^ as a model of the confor- 
mal 4— sphere S'^. The affine chart 

CT:HP1\{[1]}^H, [A] 

identifies the quaternionic projective line HP^ with the conformal 4-sphere, 
i.e., the conformal compactification S"^ = H U {oo} of M"^ = H. Under this 
identification, the group of projective transformations of HP^ corresponds 
to the orientation preserving Mobius transformations of S'^. 

An immersed curve L C H^ in HP^ is holomorphic if and only if the 
corresponding immersion M — > 5^ is conformal: let L C H^ be given by 

L = C with ^= e T{L) 

where f := ao L: M-^HisL seen in the affine chart a. By definition L is 
a holomorphic curve if and only if *6 = 6 J for some J G r(L), = — Id. 
But this is equivalent to 

*d/ = -dfR 
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with smooth R: M ^ S'^ C ImH which is then related to J via Jtp = —ipR. 
In case L is immersed, its holomorphicity is thus equivalent to the confor- 
mality of the corresponding immersion / : M ^ H, because an immersion / 
is conformal if and only if there is : M — > H such that *df = —dfR, see 
[10, Section 2.2]. 

2.5. Holomorphic curves and linear systems. The so called Kodaira 
correspondence is a fundamental relation between holomorphic line bundles 
and holomorphic curves: let L C IHI"'^^ be a holomorphic curve in HP". 
To avoid technicalities suppose that L is full, i.e., not contained in a linear 
subspace. The complex structure of L induces a complex structure on the 
dual bundle 

which we again denote by J. Let tt: -> (]HI"+^)*/L-^ be the canon- 

ical projection. Then carries a unique holomorphic structure D such 
that 

Z)(7r^) = -(TrVV^ + J*7rV^) 

for all V e r((H"+i)*), cf. [13, Theorem 2.3]. The isomorphism type of the 
holomorphic line bundle is a projective invariant of the holomorphic 
curve L C IHI"^^ in HP", which wc call the canonical holomorphic line bun- 
dle of the curve L. For an immersed holomorphic curve L C H^ in HP^ 
we therefore refer to as one of the Mobius invariant holomorphic line 
bundles of L, see also Section 5.1. 

Like in the complex case, the degree of a holomorphic curve L C H""*"^ in 
HP" is defined as the degree of the corresponding quaternionic holomorphic 
line bundle L~^. In other words, the degree of L C H"+^ seen as a holo- 
morphic curve is minus the degree of L seen as a complex quaternionic line 
bundle. 

The holomorphic structure on is the unique holomorphic structure 

with the property that all projections of constant sections of (H""*"^)* are 
holomorphic. The linear system of holomorphic sections of L^^ obtained by 
projection from constant sections of (H"+^)* is called the canonical linear 
system of the curve L and denote it by (H"+^)* C The canonical 

linear system of a holomorphic curve is always base point free, i.e., there are 
no simultaneous zeros of all holomorphic sections in (H""'"^)*. 

Let conversely H C H^{L) be a base point free linear system of a quater- 
nionic holomorphic line bundle L. For p E M denote Lp C H* the 1- 
dimensional subspace perpendicular to the hypcrplanc in H of sections van- 
ishing at p. Then L is a holomorphic curve, the quaternionic holomorphic 
line bundle L is isomorphic to L~^, and H corresponds to the canonical 
linear system of L, cf. [13, Section 2.6]. 

In case of holomorphic curves in HP^, Kodaira correspondence can be seen 
as a representation of conformal immersions as quotients of holomorphic 
sections: let L C H^ be the holomorphic curve given by L = ({)H, see 
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Section 2.4, then the holomorphic sections and e\ oi L obtained by 
projecting the standard basis of (H^)* are related by 

ei = 62/. 

Changing the basis of the canonical linear system amounts to a quaternionic 
fractional linear transformation of /, i.e., an orientation preserving Mobius 
transformation. 

2.6. Weierstrsiss gaps and flag, dual curve. Let H C H^{L) be an 
{n + 1) -dimensional linear system of holomorphic sections of a holomorphic 

line bundle L. The Weierstrass gap sequence of if at a point p G M is 
the sequence < no(p) < ni{p) < ... < nn{p) of possible vanishing orders 
ordp(V') at p of sections i/j e H. The Weierstrass points, i.e., the points at 
which the Weierstrass sequence differs from 0, 1, . . . , n, are isolated, see [13, 
Section 4.1]. The integer 

n 

ovdp{H) = ^{nk{p) - k) 
k=o 

is the Weierstrass order of at p and ord(i7) is the Weierstrass divisor 
of H. If M is compact the Weierstrass degree |ordi7| = J2peM '^^^pi^) 
finite. 

The members Hk\p = {ip & H \ oTdp{ip) > nn-k{p) } of the Weierstrass 
flag of H form continuous subbundles of H of rank k which are smooth 
away from the Weierstrass points [13, Lemma 4.10]. The line subbundle Hq 
is by definition the dual curve L'^ of H. One can show that, away from 
the Weierstrass points of H, the dual curve is a holomorphic curve [13, 
Theorem 4.2]. 

2.7. Willmore energy. For compact surfaces, in addition to the invariants 
like degree and branching order of the osculating curves known from complex 

curve theory, quaternionic holomorphic curves have a further invariant: the 
Willmore energy. The Willmore energy of the holomorphic line bundle L is 

WiL) = l I trM(QA*Q), 

where trjR denotes real trace. The 2-form iT^{Q/\*Q) is positive and W{L) = 
is equivalent to Q = 0. In other words, the Willmore energy W{L) of 
a quaternionic holomorphic line bundle L measures the deviation from the 
(double of the) underlying complex holomorphic line bundle L (Section 2.2). 
The Willmore energy of the Mobius invariant holomorphic line bundle 
of a holomorphic curve L C satisfies [10, Section 6.2] 

W{L-^)= [ {\n\'^ - G + K^)da, 
Jm 
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where 7i is the mean curvature, G the Gaussian curvature, and K the 
curvature of the normal bundle of L with respect to any compatible metric 
on the conformal 4-sphere = HP^ . 

3. Equality in the Plucker estimate 

In this section we describe the relation between equality in the Pliicker 
estimate and twistor holomorphic curves. 

3.1. Plucker estimate. The quatemionic Plucker estimate [13, Cor. 4.8] 

W{L) > 47r [(n + l)(n(l - g) - d) + \ ord H\] 

gives a lower bound for the Willmore energy W{L) of a quaternionic holo- 
morphic line bundle L of degree d over a compact Riemann surface of genus g 
with (n + l)-dimcnsional linear system H C H^{L). 

3.2. Twistor holomorphic curves. The twistor projection is the map 

where vC denotes the complex line spanned by f G BI"'"'"^\{0} in the complex 
vector space (BI'^+^ , i) = C^"+^ obtained by restricting the scalar field of the 
quaternionic right vector space EI"+-'^ to C = M © Mi. 

Definition. The twistor lift of a holomorphic curve L C EI"+^ in HP" is 
the complex line subbundlc L = {ip £ L \ J'tp = 'tpi} C (H""'"-^, i). A 
holomorphic curve in HP" is called twistor holomorphic if it is the twistor 
projection of a complex holomorphic curve in CP^""^^. 

Lemma 3.3 ([14]). A holomorphic curve L C H"+^ in HP" is twistor holo- 
morphic if and only if its twistor lift L is complex holomorphic. 

Proof Let L C H"+^ be a holomorphic curve and E C (H"+^ , i) a complex 
holomorphic line subbundlc that twistor projects to L. Holomorphicity of 
E means that every smooth section ijj G T(E) satisfies = VV'i mod E. 
But then *6 = 6J, cf. Section 2.3, yields 6ipi = *dip = 6Jip such that 
Jtp = tjji for all tp G r(-E). This implies that E is the twistor lift L of L. □ 

3.4. Equality in the Plucker estimate. The link between equality in the 
Pliicker estimate. Section 3.1, and twistor holomorphic curves is established 
by the quaternionic Pliicker formula [13, Theorem 4.7]: let L be a quater- 
nionic holomorphic line bundle of degree d over a compact Riemann surface 
of genus g and H C H^{L) an (n -|- l)-dimensional linear system, then 

W{L) - W{{L'^)-'^) = 47r[(n + l)(n(l -g)-d) + \ ord H\\ 

where L*^ C H denotes the dual curve of H, see Section 2.6. In particular, 
although the dual curve L'^ is only defined away form the Weierstrass points 
of H, the Willmore energy W{{L'^)~^) is finite. 

Equality in the Pliicker estimate is thus equivalent to W{{L'^)^^) = 
which, by Lemma 3.8 below, is equivalent to holomorphicity of the twistor 
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lift of L'^. As we will sec in Lemma 3.10, the twistor lift of L'^ then extends 
continuously through the Weierstrass points. This yields the following the- 
orem (cf. [13, Section 4.4]). 

Theorem 3.5. A linear system of a quaternionic holomorphic line bundle 
over a compact Riemann surface has equality in the Pliicker estimate if and 
only if its dual curve is twistor holomorphic. The twistor lift then extends 
holomorphically through the Weierstrass points of the linear system. 

3.6. Example: degree formula. Applying the quaternionic Pliicker for- 
mula to a 1-dimcnsional linear system yields the so called degree formula. 
The degree of a complex holomorphic line bundle over a compact Riemann 
surface equals the degree of the vanishing divisor of an arbitrary holomorphic 
section. In the quaternionic case the degree formula additionally involves 
the Willmore energy: let L be a quaternionic holomorphic line bundle over 
a compact Riemann surface and (p a holomorphic section of L. Denote by H 
the 1-dimensional linear system spanned by (p. The quaternionic holomor- 
phic line bundle {L'^)~^ of the dual curve L'^ of H (Section 2.6) is isomorphic 
to restricted to M \ {zeros of (p} equipped with the holomorphic struc- 
ture V" = ^(V -I- J*V), where V denotes the connection on L defined by 
V</7 = 0. The Pliicker formula applied to H thus becomes 

W{L) + 47r deg(L) = W{L-^,V') + 47r| ord ip\, 

where | ord (p\ is the zero divisor of ip. 

3.7. The canonical complex structure. The canonical complex struc- 
ture [13] of an (n + l)-dimcnsional linear system H of holomorphic sections 
of a quaternionic holomorphic line bundle L without Weierstrass points 
is the unique complex structure S G T(End{H)), S"^ = —1 that respects 
the Weierstrass flag (Section 2.6), induces the given complex structure on 
L = H/Hn-i and satisfies Hn-i C kcr((5) and im(A) C Hq = L"', where 
Q = 1{SVS - *VS) and A = 1{SVS + *VS) are the so called Hopf fields 
of S. It follows that S restricted to L'^ is the complex structure of the dual 
curve. Moreover, the restriction of Q to L = H/Hn-i coincides with the 
Hopf field of the holomorphic structure of L, cf. Section 2.5. 

The canonical complex structure Sl of a full holomorphic curve L C ]HI"+-^ 
in EnP" is defined away from Weierstrass points as the adjoint Sl ■= S* of 
the canonical complex structure S of the canonical linear system (H""'"-^)* C 
i?°(L-i), see Section 2.5. Its Hopf fields satisfy Ql = -A* and Al = -Q*. 
In case of a holomorphic curve in EDP^, the canonical complex structure is 
also called mean curvature sphere congruence, see Section 7.1. 

Lemma 3.8. Let L C H""*'-'^ be a holomorphic curve in HP" and denote 
by A the Hopf field of the canonical complex structure of L. The following 

properties are equivalent: 

i) L is twistor holomorphic, 

ii) A restricted to L vanishes identically, 
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iii) A vanishes identically, 

iv) the Willmore energy W{L~^) of the holomorphic line bundle 
vanishes. 

Proof. Let tp G r(L) be a section of the twistor lift of L. Holomorphicity of 
L implies that *'V^p = Vtpi + tpa with a a quaternion valued 1-form. Using 
Sip = tpi, VS = 2*Q - 2*A, and Qtp = Owe obtain 

2*AiP = *AiP + SAiP = i(-(V5)V' + S{*VS)ij) 

= li-Vipi + SVtp + S*Vipi + = l{ipa + Sipai). 
Hence L is twistor holomorphic if and only if A^^ = 0, because holomorphic- 
ity of the twistor lift L of L is equivalent to a being complex valued. 

In order to check that A^j^ = if and only if ^ = 0, we prove that 
A\i^ = implies ^il^+i — 0) where Lk denotes the A;*'* -osculating curve, 
i.e., the rank k + 1 subbundles of ]HI'"+^ dual to Hn-k-i in the Weierstrass 
flag of the canonical linear system (1HI"+-'^)* C H^{L~^), see Section 2.6. Let 
■0 G r(Lfc) and Aip = 0. Then *A A VV' = d*Aip = d*Qip = 0, because 
d*A = d*Q vanishes on L^-i. Since *A = —AS and 'i^VV' = SVip mod L^, 
this implies ^il^+i = 0. 

The last equivalence holds because —A* is the Hopf field of the canoni- 
cal complex structure of the linear system (H"^^)* C H^{L^^) and hence 
induces the Hopf field of the quaternionic holomorphic line bundle L^^. □ 

3.9. Twistor lifts extend continuously through Weierstrass points. 

In order to complete the proof of Theorem 3.5 it remains to check that the 
twistor lift of the dual curve of a linear system extends continuously through 
the Weierstrass points. The proof of this fact given in [13] rests on the false 
claim that the canonical complex structure (Section 3.7) of a holomorphic 
curve in HP" extends continuously through the Weierstrass points. A coun- 
terexample is the holomorphic curve L = tpM. in EDP^ defined by ^ = ^ ^^J^ ^ 
whose canonical complex structure does not extend continuously into z = 0, 
because ip(0) and ip'{0) are linearly dependent over H, cf. Lemma C.2. 

We show now how to modify the arguments given in [13] in order to 
prove that the twistor lift of the dual curve extends continuously into the 
Weierstrass points. 

Lemma 3.10. Let H C H^{L) be a linear system of a quaternionic holo- 
morphic line bundle L. The twistor lift of the dual curve L'^ C H of H then 
extends continuously through the Weierstrass points of H. 

Proof. Let S be the canonical complex structure of H. We need to show 
that the twistor litt L'^ = {ip e L'^ \ Sip = V'i } of L'^ extends continuously 
through the Weierstrass points of H. 

Let p be a Weierstrass point oi H C H^{L). By Lemma 4.9 in [13] 
there exists a basis ipk, k = 0, . . . ,n of H that realizes the Weierstrass gap 
sequence nk{p) oi H at p and has the following properties: 
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(i) There exists an open neighborhood V p and a smooth map B: V ^ 
M{n +1,M) that is GL(n + 1,EI) valued on Vq := V \ {p} such that 
tpB~^ is an adapted frame of the Weierstrass flag H^^y^^ C H. 

(ii) Let z: V ^ C, z{p) = be a coordinate, Z = diag(l, . . . , z""), 
and W^ = diag(z"o(p),...,z""(P)). Then there exists GGL(n + l,M) 
such that 

B = Z{Bo + 0{1))W, 

where 0(1) stands for a continuous map on V that vanishes to first 
order at p. 

(iii) The canonical complex structure S satisfies SiJjB^^ = ipB^^i on Vq. 

Let L, ^: F GL(n + 1,H) be the LU-decomposition of Z-^BW'^ = 
Bo+O{l) with diagonal entries of U equal to 1. The upper triangular matrix 
U := W^^UW then converges to the identity matrix when z — ^ 0. With 
the lower triangular matrix L := ZLW one obtains the LU decomposition 
B = LU of B restricted to Vq. On Vq the frame 

ijjB-^L = V^C/-^ 

is adapted to the Weierstrass flag and converges to when z — > 0. The 
section 

thus defines a continuous section of the trivial bundle H over V. It spans 
the dual curve L'^ on Vq and (pM extends L'^ continuously into p. Because 
the restriction of S to L*^ is the complex structure of L'^ on Vq one concludes 
from (iii) above: 

Sip = SipB~^Len+i = 'ipB~^\Len+i = ffJ- 

on Vb, where fi = (L~^iL)(-„^i : Vb — >■ H denotes the lower right entry 

of the matrix L~^iL. Let A := {L)(^n+i,n+i)- Then A(0) G M \ {0}, because 
Bq is an invertible real matrix, and 

= (W-'^-'i^H^)(n+l,n+l) = Z-^-^Ph-HXz^"^Pl 

Hence Sip = (p{i + 0(1)) and ip{p)C C (H, i) extends the twistor lift L'^ of 
the dual curve continuously into the Weierstrass point p. □ 

3.1L Two— dimensional linear systems with equality in the Pliicker 

estimate. We have seen that the canonical complex structure of a linear 
system does not in general extend continuously through the Weierstrass 
points. However, in the special case of a base point free linear system with 
equality in the Pliicker estimate it does extend smoothly into the Weierstrass 
points. We prove this only for 2-dimensional linear systems (which is what 
we need in Section 8.4). The extension to higher dimensional systems is 
straightforward, although slightly more involved. 
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Proposition 3.12. Let L be a quaternionic holomorphic line bundle over 
a compact Riemann surface M with base point free, 2-dimensional linear 

system H C H^{L) for which equality holds in the Pliicker estimate. Then 
the dual curve L'^ C H of H has a globally defined holomorphic twistor lift 
and the mean curvature sphere congruence of L'^ extends smoothly through 
the branch points of L'^. 

Conversely, let L'^ C 6e a twistor holomorphic curve whose mean cur- 
vature sphere congruence extends smoothly into the branch points. Then 
induces a base point free, 2-dimensional linear system of holomorphic sec- 
tions of the quaternionic holom,orphic line bundle L = H^/L'^ with equality 
in the quaternionic Pliicker estimate. 

Proof. By Theorem 3.5, the curve L'^ C H is twistor holomorphic and 
its twistor hft L'^ extends holoniorphically through the Weierstrass points 

of H. The tangent hne congruence Lf of L'^ is then also globally defined. 
By Lemma C.2, the canonical complex structure S of H (which, for a 2- 

dimensional linear system, is the mean curvature sphere congruence S of the 
dual curve) extends smoothly into a Weierstrass point p & M of H if and 

only if {Li®Ti])\p = H. 

Because H is base point free, the evaluation map ev. H ^ L, evp{ilj) = 
ip{p) induces a quaternionic bundle isomorphism between H / L'^ and L. The 
subbundle L = {ip ^ L \ Jip = ipi} has a section ip G r(L) that does not 
vanish at p. Let V £ ^{H) such that ev(i/') = (p. On the open dense set on 
which S is defined we have Sil) = V'i ™od L'^, because ev = J o ev by 
definition of S. This implies -0 G r(-^i + L'^)- Because ^'(p) ^ -^j^ we obtain 

that L^Ip ^ L|^, hence Lf^^ is not j-invariant and (Lf Lfj)|p = H. 

Conversely, the extended mean curvature sphere congruence induces a 
complex structure on {L'^)'^ C (H^)* which guarantees that {L'^)'^ is a 
holomorphic curve. Hence, L = H^/L'^ is, as explained in Section 2.5, a 
quaternionic holomorphic line bundle and the canonical linear system 
has equality in the Pliicker estimate, by Theorem 3.5, because its dual curve 
L'^ is twistor holomorphic. □ 

4. Example: Taimanov soliton spheres 

The term soliton sphere was introduced by Iskander Taimanov [34] for 
immersions into with rotationally symmetric Weierstrass potential cor- 
responding to mKdV-solitons. In this section we treat Taimanov's soliton 
spheres in the framework of quaternionic holomorphic geometry using Pedit 
and Pinkall's Weierstrass representation [28] for conformal immersions into 

4.1. Weierstrass representation for conformal immersions into M^. 
Taimanov's approach [34] to soliton spheres is based on the generalization 
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of the Weierstrass representation for minimal surfaces to arbitrary confor- 
mal immersion into M^. This representation describes the differential of the 
immersion as the "square" of a Dirac spinor. In contrast to the Kodaira 
correspondence (Section 2.5), the Weierstrass representation of conformal 
immersions is not Mobius invariant, but only invariant under similarity 
transformations. 

The quaternionic version of the Weierstrass representation for conformal 
immersions into M"^ = BI is based on the following observation: given a 
quaternionic holomorphic line bundle L, the complex quaternionic line bun- 
dle KL~^ admits a unique paired holomorphic structure [28, Theorem 4.2] 
such that 

V') = 

for all local holomorphic sections a £ H^{KL'^J), tp e H'^{L\u), where (a, tp) 
denotes the evaluation paring a{'4>). This pairing in particular satisfies 

*{a,tp) = {Ja,xp) = {a,Jijj). 

The Weierstrass representation of a conformal immersion / : M — ^ = 
H into Euclidean 4-space then reads as follows: 

Theorem 4.2 ([28, Theorem 4.3]). Let f : M ^ = M be a conformal im- 
mersion. Then there exist, uniquely up to isomorphism, paired quaternionic 
holomorphic line bundles L and KL~^ and nowhere vanishing holomorphic 
sections tp ^ H^{L), a G H^{KL~^) such that 

df = {a,ip). 

We call L and KL~^ the Euclidean holom,orphic line bundles of the con- 
formal immersion /: M ^ = M. By [10, Proposition 8] we have 

QV = i^\ndf 

and the Willmore energies (Section 2.7) of L and KL~^ satisfy 

W{L) = W{KL-^) = [ \n\'^da, 
where H denotes the mean curvature vector and da the area element of /. 

4.3. Weierstrass representation for conformal immersions into M^. 

The image of the differential df of a conformal immersion lies in Im(]HI) = 
if and only if 

*df = Ndf = -dfN, 

where * denotes the complex structure on T*M and N: M ^ G ImH is 

the Gauss map of /. This implies that df = {a, ip) is Im(BI)-valued if and 
only if a ^ ip induces a holomorphic bundle isomorphism KL^^ = L. A 
quaternionic holomorphic line bundle L that is isomorphic to KL~^ is called 
a quaternionic spin bundle [28]. 
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Theorem 4.4 ([28, Theorem 4.4]). For a conformal immersion f:M^ 
ImH there exists, uniquely up to isomorphism, a quatemionic spin bundle 
with a holomorphic section ip satisfying 

Example 4.5 (Minimal Surfaces). Let /: M — ^ = ImH be a conformal 
immersion. Denote by L the corresponding spin bundle. Then / is minimal 
if and only if L has vanishing Willmore energy W{L) = 0. The holomorphic 
section G H^{L) in its Weierstrass representation df = (ipjip) is then the 
sum '0 = tpi+ip23 of two complex holomorphic spinors tpi,tp2 € r(L), where 
L = {tp E L \ Jip = Tpi}. The differential of the minimal immersion / is 
given by 

df = (V', V-) = 2Im(V'i V2) + j(V'i ^ + V^2^?2), 

where ijji ipj stands for the complex valued (l,0)-forni This is 

the well known spinor Weierstrass representation of minimal surfaces. 

4.6. Weierstrass representation in coordinates. The underlying com- 
plex holomorphic line bundle L = {^p & L \ Jip = ipi} is a complex holo- 
morphic spin bundle over M, because L®L^K,(p®il)^ ((^^j, tl)) is a 
bundle isomorphism. In particular, for z : M D ?7 — > C a local chart with U 
simply connected, there exists a complex holomorphic section 99 oi L\jj such 
that dz = j(<^, The formula for Qip given in Section 4.1 implies 

Q(p = (pkqdz, q=——. 

2\dz\ 

The Willmore energy then takes the form W{L) = 2i J q^{z)dzf\dz. Writing 
a quaternionic holomorphic section ip G W^{L) with respect to the complex 
frame 93, (/'k as -0 = ip^ii -\- ip]<-fi2 with fi2- U C^, the holomorphicity 
Dip = of ip becomes equivalent to /Lt = (II2 ) solving the Dirac equation 

4.7. Taimanov soliton spheres. Let L be a quaternionic spin bundle over 
M = CP^ and z: CP^ \{oo} — > C an affine chart. Then dz is a meromorphic 
section of the canonical bundle K with a second order pole at 00 and no ze- 
roes. The section ip above is thus a meromorphic section of L without zeroes 

and with a first order pole at cx). A function q: C ^ R is then a coordinate 
representation of a smooth Hopf field Q of L if and only if \w\~'^q{w~^) is 
smooth at w = 0. Similarly, //i, /X2: C — ^ C are the coordinate representa- 
tion of a globally smooth section of L if and only if ||Ltip -|- |/X2p = Od^l"^) 
for l^l 00. 

Suppose that q is rotationally symmetric, i.e., q{z) = q{\z\). Taimanov 
then proves [34, Lemma 4] that there are N + 1 integers < no < ■ ■ ■ < tin 
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and a basis {'il^j}o<j<N of H^{L) which is "rotationally symmetric" in the 
sense that 

where i^j-.R^ is a rapidly decaying solution of the ZS-AKNS linear 
problem 

The eigenvalues of C are preserved under the mKdV hierarchy and the trace 
formula for jC implies 




Equality in this estimate holds if and only if U{x) = q{e^)e^ is a re- 
flectionless potential of C, i.e., a multi-soliton of the mKdV equation, and 
\{2nj + 1) are all points in the spectrum of L with positive imaginary part, 
cf. [34] . On the other hand, equality in this estimate, is equivalent to equal- 
ity in the Pliicker estimate (Section 3.1) for the full linear system H^(L) of 
holomorphic sections of the spin bundle L, because 

{N + l)(iV(l -g)- deg(L)) + ord(/f°(L)) 

N N N 

= (iV + 1)2 + ^(ordo - j) + l](ordoo - j) = ^(2n,- + 1), 

j=0 j=0 j=0 

since g = 0, deg(L) = g — 1 = —1, oido{xpj) = ordoo(^) = Tij, and and oo 
are the only possible Weierstrass points. 

Theorem 4.8 (Taimanov [34]). Let L be a holomorphic spin bundle L over 

CP^ whose potential q is rotationally symmetric with respect to some affine 
coordinate z: CP^ \ {oo} — > C. Then equality in the Pliicker estimate holds 
for H^{L) if and only if the Willmore energy satisfies 

N 

W(L)=47r^(2n, + l), 

i=o 

where < uq < . . . < un are the integers such that there exists a basis of 
H^{L) consisting of rotationally symmetric holomorphic sections {'^j}o<j<N 
with ordo('0j) = ordoo('0j) = Tij. 

We call a conformal immersion / : CP^ — a Taimanov soliton sphere if 
its Euclidean holomorphic line bundle has a rotationally symmetric potential 
with equality in the Pliicker estimate for the full linear system. A special 
example of Taimanov soliton spheres are Dirac spheres [31] which have the 
most symmetric refiectionless potentials q{z) = -^tli ■ They are soliton 
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Figure 1. iV = 2, no = 0, ni = 1, 712 = 2, Aq = 2, Ai = 6, 
A2 = 3. 




Figure 2. = 2, no = 0, ni = 1, n2 = 2, Aq = 2, Ai = 6, 
A2 = 120. 

spheres with nj = j, j = 0,...,N such that dim H^{L) = + 1 and W{L) = 
47r(A^ + l)2. 

Taimanov [34] gives explicit rational formulae for all q and ipj that may 
arise in Theorem 4.8. For every (A^ + l)"tuple < no < . . . < n^v of integers 
there is an ]R^"'"^-parameter family of g's and corresponding tpj^s. Since we 
are only interested in immersed spheres, we need to start with a base point 
free linear system such that we have to assume that no = 0. Because the 
integers that may be written as the sum of 1 with other pairwise distinct 
odd integers are N \ {0, 2, 3, 5, 7} we obtain the following corollary. 

Corollary 4.9. The possible Willmore energies of Taimanov soliton spheres 
are W G 47r(N \ {0, 2, 3, 5, 7}). 

Example 4.10 (Catenoid Cousins). Taimanov soliton spheres for = 1, 
no = 0, m = ^, Ao = ^, and Ai = MDi^, /i G N \ {0} (cf. [34] 
for the meaning of Aj) are the catenoid cousins that have smooth ends, see 
Example 6.11 for images. 

Example 4.11 (Rotationally symmetric soliton spheres). Figures 1-4 show 
rotationally symmetric, branched Taimanov soliton spheres, i.e., primitives 
of j = 0, . . . , N . The first example in each figure is immersed, the 

other examples have branch points of order 2nj on the axis of revolution. 
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Figure 3. iV = 3, no = 0, ni = 1, 77,2 = 2, na = 3, Ao = 4, 
Ai = 48, A2 = 120, A3 = 120. 




Figure 4. iV = 3, no = 0, ni = 1, n2 = 2, ns = 3, Aq = 6, 
Ai = 720, A2 = 120, A3 = 1. 

Example 4.12 (More Taimanov soliton spheres). Linear combinations of the 
ipj lead to non rotationally symmetric Taimanov soliton spheres. Figure 5 
shows a deformation of the first into the third surface in Figure 1 through 
a family of surfaces j{ip,tp) where ■0 is a linear combination of V'o and ip2- 
The last surface in the figure is branched, all others are immersed. 

5. Soliton spheres 

We define soliton spheres in terms of the Mobius invariant holomorphic 
line bundles of a conformal immersion /: CP^ MP^ We also give a 
Euclidean characterization of soliton spheres based on the Weierstrass rep- 
resentation. This in particular implies that Taimanov's soliton spheres are 
examples of soliton spheres in our sense. 

5.1. Soliton spheres. Let /: CP"*^ HP^ be a conformal immersion of a 
Riemann surface into the conformal 4-sphere. Denote by L C IHI'^ the corre- 
sponding holomorphic curve and L"*" C (IHI'^)* its dual holomorphic curve. In 
the following we mean by Mobius invariant holomorphic line bundles of L the 
quaternionic line bundles L^'^ = (H^)*/L-'" and {L-^)~^ = H^/L with holo- 
morphic structures as defined in Section 2.5. The spaces of constant sections 
of (H^)* and project to the canonical linear systems (H^)* C H^{L~^) 
and C H^{M'^ /L). Soliton spheres are immersions for which one of the 
canonical linear systems is contained in a linear system with equality in the 
Pliicker estimate (Section 3.1): 
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Figure 5. Deformation between the first and third surface 
in Figure 1 through a family of Taimanov sohton spheres 
with isomorphic Euchdean holomorphic hne bundles. 



Definition. A conformal immersion /: CP^ MP^ into the conformal 
4-sphere is called a soliton sphere if one of the two Mobius invariant holo- 
morphic line bundles admits a linear system with equality in the Pliicker 
estimate that contains the canonical linear system. 

Two fundamental properties of soliton spheres are immediate consequen- 
ces of the definition: firstly, the notion of soliton spheres is Mobius invariant. 
Secondly, given a soliton sphere L C HP^, Theorem 3.5 implies that either L 
or L"*- is the projection to HP^ of a holomorphic curve in HP" that is the dual 
curve (Section 2.6) of a twistor holomorphic curve in HP" (Section 3.2). In 
other words, every soliton sphere is obtained from a rational curve in CP^"^^ 
via twistor projection CP^"^"*^ — > HP", dualization and projection to HP"^ 
(possibly followed by a dualization in HP"*^), i.e., by 



rational 



])2n- 



, twistor 

> HP" 



dualization 



-4 HP" 



projection 



HP^ 



or the same sequence followed by a dualization in HP^, depending on whether 
H'^{L~^) or H^{M'^/L) has a linear system with equality. The dual curve of a 
holomorphic curve L in HP" is the solution of a system of quaternionic linear 
equations whose coefficients are the (n — l)*'^ derivatives of a generic section 
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of L. Hence, every soliton sphere admits a rational, conformal parametriza- 
tion. 

Definition. The soliton number of a soHton sphere that is not the round 

sphere is defined as the minimal number n for which one of the canonical 
linear systems is contained in an (n + 1) -dimensional linear system with 
equality in the Pliicker estimate. The soliton number of the round sphere is 
defined to be 0. 

The soliton number n is the smallest number for which a soliton sphere 

can be obtained via the above construction from a rational curve in CP^"""*"^. 
The only 0-soliton sphere is the round sphere. A 1-soliton sphere is either 
twistor holomorphic or the dual of a twistor holomorphic curve, that is, 
all 1-soliton spheres are superconformal Willmore spheres (cf. Section 8.2 
of [10]) and vice versa. Examples of 2 -soliton spheres are Bryant spheres 
with smooth ends (Section 6) and non-superconformal Willmore spheres 
(Section 7). 

5.2. Chsiracterization in terms of the Weierstrass representation. 

We give now a Euclidean characterization of soliton spheres in terms of 
the Weierstrass representation. As an application we show that Taimanov's 
soliton spheres are also soliton spheres as in Section 5.1. 

Let L C be an immersed holomorphic curve and fix a point oo G HP''^ 
that docs not lie in the image of L. Without loss of generality we may 
assume that oo = [ei], where ei,e2 G denotes the standard basis. This 
basis of defines the affine chart (Section 2.4) 

a: HP^ \{oo} ^H, 

The affine chart is in fact defined uniquely up to similarity transformation 
by the choice of oo = [ei] € HP^. The immersed holomorphic curve L can 
then be written as 

L = 'i/'H with V = 

where / = uoL: M— ^His the affine representation of L, i.e., the conformal 
immersion into EI corresponding to L via a. 

Let e*i,e2 G T{L~^) be the projections to the first and second coordinate 
of seen as sections of = (M?)* /L^. The canonical linear system 
(Section 2.5) of L is then spanned by the holomorphic sections e\ and e\ 
whose quotient is /, i.e., 

el = e*J. 

Hence / : CP^ — > H is a soliton sphere if and only if f or f is the quotient of 
two quaternionic holomorphic sections that are contained in a linear system 
with equality in the Pliicker estimate, because replacing / by / is equiva- 
lent to replacing L by and interchanging the Mobius invariant and the 
Euclidean holomorphic line bundles. 
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The choice of oo G HP defines a unique flat connection V on L~ which 
satisfies = (where 63 is perpendicular to 00) . The induced connection 
V on L then satisfies Vtjj = 0. Moreover induces a quaternionic holo- 
morphic structure on KL~^ (in the same way as d defines the complex holo- 
morphic structure on complex valued (l,0)-forms) and V" = ^(V + J*V) 
induces a quaternionic holomorphic structures on L with respect to which 
a = Ve^ = 626?/ and are holomorphic sections of KL~^ and L, respec- 
tively. The holomorphic structures thus defined make KL~^ and L into 
paired holomorphic lines bundles and 

df = (a, ijj) 

is the Weierstrass representation of /. Theorem 4.2 implies that the line 
bundles L and KL~^ with holomorphic structures o?^ and V" are the Eu- 
clidean holomorphic line bundles of /. 

Theorem 5.3. A conformal immersion /: ^ H = \ {00} IS a 
soliton sphere if and only if one of the two holomorphic sections of the 
Euclidean holomorphic line bundles arising in the Weierstrass representation 
of f is contained in a linear system with equality in the Plucker estimate. 

Corollary 5.4. Immersed Taimanov soliton spheres are soliton spheres. 

Proof of Theorem 5.3. The holomorphic structure of the Mobius invariant 
holomorphic line bundle = {M?)* / L-^ is given hy D = V", where as 
above V is the connection defined by Vcg = 0. It is sufficient to show that 
L^^ admits a linear system that contains e\ and and has equality in the 
Pliickcr estimate if and only if KL^^ admits a linear system with equality 
that contains a. This follows from Lemma 5.5 below, because = 0, 
Ve^ = a, and CP^ is simply connected. □ 

Lemma 5.5. Let L he a quaternionic holomorphic line bundle over a com- 
pact Riemann surface with a nowhere vanishing holomorphic section (pQ. 
Let V he the flat connection on L defined hy Vi^o = and d^ the induced 
quaternionic holomorphic structure on KL. 

Then V induces a linear map from H^{L) to H^{KL) which maps ev- 
ery (n + 1) -dimensional linear system, H C H^{L) containing ipo to an 
n-dimensional linear system VH C H^{KL). The linear system H has 
equality in the Plucker estimate if and only if \/H has equality. 

Proof. The Leibniz rule (Section 2.2) and D = V" imply that a section 
if G r(L) is holomorphic if and only if V(p G T{KL). Because V is flat, 
it thus induces a quaternionic linear map (p G H^{L) ^ V(/3 G H^{KL) 
with kernel (^qH. The Weierstrass gap sequences (n^) of H and (n^) of V-ff 
are related by hk = Uk+i — 1, hence |ordff| = |ordVi?|, cf. Section 2.6. 
Furthermore, deg(KL) = deg(L)+2(5-l) andW{KL) = T^(L)+47rdeg(L). 
The latter follows from the degree formula (Section 3.6) applied to (p = (po 
using the fact that W{KL) = W{L-^,V") (where V denotes the dual of V 
above), because {KL^d^) and (L~^,V") are paired bundles (Section 4.1). 
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Plugging all these identities into the Pliicker estimate (Section 3.1) shows 
that equality for H is equivalent to equality for VH. □ 

6. Example: Bryant spheres with smooth ends 

We characterize 2-soliton spheres using the Darboux transformation [4] 
for conformal immersions into S^. Because the hyperbolic Gauss map of a 
Bryant surface is a totally umbilic Darboux transform [19] we conclude that 
Bryant spheres with smooth ends [5] are soliton spheres. 

6.1. 2 Soliton spheres and Darboux transformations. Let L C be 

an immersed holomorphic curve. The canonical projection vr: H^/L 
onto the Mobius invariant holomorphic line bundle H^/L, cf. Section 5.1, 
induces a 1-1-correspondence 

{ V'" G r(M2) I W" e ^^{L) } — > H^{M^/L), I — > TTipK 

The formula in Section 2.5 for the holomorphic structure of H^/L shows that 
TTip^ G r(]HI^) is indeed holomorphic if VV'" £ The correspondence is 

bijective because 6 = ttV^l: L KiM.'^/L) is a bundle isomorphism since 
L is an immersion. The section ip"^ G r(]H^) is called prolongation of the 
holomorphic section (p = irtp'^. 

A Darboux transform [4] of a conformal immersion L C is a map 
L« C H2 defined away from the zeros of the prolongation of a holomor- 
phic section (p = wtp^ e H°{M'^/L) by the lines L" = ^"H C if spanned 
by ip^ (in case of non simply connected surfaces one has to allow for holomor- 
phic sections with monodromy). Darboux transforms of L thus correspond 
to 1-dimensional linear systems of holomorphic sections of H^/L. A Dar- 
boux transform is constant if and only if the 1-dimensional linear system 
is contained in the 2-dimcnsional canonical linear system; otherwise it is a 
branched conformal immersion. 

Theorem 6.2. A conformal immersion of CP^ into HP^ is a 2-soliton 
sphere if and only if it has a non-constant twistor holomorphic Darboux 
transform. 

Proof. The theorem is a direct consequence of the following proposition. □ 

Proposition 6.3. Let L" C o non-constant Darboux transform of a con- 
formally immersed sphere L C in HP^. Then L" is twistor holomorphic if 
and only if the corresponding l-dim,ensional linear system o/H^/L together 
with its canonical linear system spans a 3-dimensional linear system with 
equality in the Pliicker estimate. 

Proof. Let oo = eiH be a point that does not lie on the image of the im- 
mersed sphere L C IH^ in EIP^ As in Section 2.4, denote by / : CP^ H the 
representation of L in the affine chart corresponding to a basis ei, 62 G H^, 
i.e., L = ipM for = {^). The canonical linear system of H^/L is then 
spanned by the sections ip := Trei and 7re2 = —ff- By the Leibniz rule in 
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Section 2.2, a section i^h of H^/L is holomorphic if and only if *dh = Ndh 
with N : CP^ — > H, AT^ = — 1 defined by J^p = (pN. Hence (ph is holomorphic 
if and only if there exists g : CP^ —>■ H such that 

dfg + dh = 0. 

The prolongation ■0'' of (ph is then given by 




The Darboux transform L" C corresponding to iph is defined away from 
the zeros of ip'^ as the line subbundle spanned by V^- Its affine part /" is 
defined away from the zeros of g and satisfies 

fi = f + hg-^ and df^ = hd{g-^). 
This proves the following lemma. 

Lemma 6.4. The map P = f + hg~^ is a Darboux transform of the con- 
formal immersion f if and only if dfg + dh = 0. 

Unless (ph is contained in the canonical linear system, away from the 
isolated zeros of g, h, and dg, the affine part /" of L" is a conformal immer- 
sion. 

Lemma 6.5. Let f^ be a Darboux transform of f given by f^ = f + hg~^ 
with dfg + dh = and nowhere vanishing g, h, and dg. Then 
i) /" is twistor holomorphic if and only if g is twistor holomorphic, 
a) /" is totally umMlic if and only if g is twistor holomorphic and h~^ is 

Euclidean minimal, and 
Hi) /" is planar if and only if both g~^ and h~^ are twistor holomorphic 
and Euclidean minimal. 

Proof. From d/" = hd{g~^) we obtain that the right normal vectors (cf. 
Appendix A. 3) of /" and g~^ coincide 

Rft = Rg-^ ■ 

On the other hand d{g~^) = h~^df^ implies = d{h~^) A c?/" and thus 

The lemma now follows, because (as shown in Appendix A. 4) a confor- 
mal immersion is twistor holomorphic if and only if its inversion is twistor 
holomorphic if and only if dR" = 0; it is Euclidean minimal if and only if 
dR' = 0; it is totally umbilic if and only if dN" = dR" = 0; and it is planar 
if and only if its normal vectors N and R are both constant. □ 

Proof of Proposition 6.3 continued. We have to show that L'^ = ^f^^M is 
twistor holomorphic if and only if the linear system H spanned by (p, (pf, 
and (ph has equality in the Pliicker estimate. Applying Lemma 5.5 to the 
nowhere vanishing holomorphic section (p shows that equality in the Pliicker 
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estimate for H is equivalent to equality in the Pliicker estimate for the 2- 
dimensional linear system VH of K{lP/L) spanned by ipdf, ipdh = —(pdfg. 
Theorem 3.5 now implies that equality for VH is equivalent to g being 
twistor holomorphic, since ( f )B[ C is the dual curve of Vif. This proves 
the claim, because g is twistor holomorphic if and only if /" is twistor holo- 
morphic (Lemma 6.5). □ 

Remark 6.6. Proposition 6.3 holds verbatim for compact Riemann surfaces 
of higher genus if one allows for linear systems with monodromy. 

Remark 6.7. In general, a Darboux transform of a conformal immersion 
L C may not extend smoothly through the isolated zeros of the corre- 
sponding holomorphic section of H^/L. We show now that, in the situation 
of Proposition 6. 3, the Darboux transform extends smoothly through the 
zeros of the defining holomorphic section o/H^/L and has a globally smooth 
twistor lift (which is hence a rational curve in CF^). 

Let L C be a conformal immersion and (ph a holomorphic section of 
H^/L that, together with the canonical linear system, spans a 3-dimensional 
linear system H C H^{M'^/L) with equality in the Pliicker estimate. Then 
= ■^''BI, = (^-l^^g + {Q)h is defined and smooth away from the common 
zeros of g and h. Moreover, L" is a holomorphic curve with complex structure 
J^ipi = —Tp^Rg for Rg the right normal of g, because V^Z-tt =^dg. 

By Theorem 3.5, the curve (f)BI has a globally defined holomorphic 

twistor lift that locally is of the form (^g.5+jg4^'C C (IHI^,i) with complex 

holomorphic functions 5'i,...,S'4. Let p be a common zero of g and h. 
Without loss of generality we may assume that gz + j54 does not vanish 
at p, because g has no "poles". Now Rg = —{gs + j54)i(5'3 + j5'4)~^ implies 
that the twistor lift of L" is locally given as the complex line spanned by 

4^K93+m) = (51 +m) + (J) ^(53 +394). 

If n is the vanishing order of g at p, then h vanishes to order n + 1 at p, 
because dfg = —dh. Since gs -|- jg4 does not vanish, n is the vanishing order 
of 9i + 392- The twistor lift of can be extended continuously through 
p, because the limit of il'K93 + i94)^~"' P exists and is not zero, where 
2; is a local holomorphic chart centered at p. The claim now follows from 
Riemann 's removable singularity theorem. 

6.8. Bryant spheres with smooth ends sire 2— soliton spheres. Bryant 

spheres with smooth ends [5] arc surfaces of mean curvature one in hyper- 
bolic space that compactify to immersed spheres by adding points on the 
ideal boundary of hyperbolic space. In [19] it is shown that Bryant surfaces 
are characterized by the existence of a totally umbilic Darboux transform 
which is then the hyperbolic Gauss map, see also [5, Theorem 9]. In order to 
apply Theorem 6.2 it remains to check that the holomorphic section defining 
this Darboux transform extends smoothly through smooth Bryant ends. 
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Figure 6. Catenoid cousins: W = 87r(|U + 1), = 1, 2, 3, 4, 5, 7. 



Remark 6.9. It seems worthwhile to note that the characterization of Bryant 
surfaces [19, 5] by the existence of a totally umbilic Darboux transform 
requires that both the surface and its Darboux transform take values in 
the same round 3-sphere in = MF^. This holds automatically for the 
"classical" Darboux transform in the isothermic surface sense as used in 
[19, 5], but not for the Darboux transform of [4] as used in Section 6.1. 

An immersion L C of CP^ into HP^ is a Bryant sphere with smooth 
ends if and only if, up to Mobius transformation, 

for a rational null immersion F into SL(2,C) such that all poles of dFF~^ 
have order 2, cf. [5]. Here null immersion means that det(dF) = and dF 
has no zeros. The kernels and images of dFF^^ then coincide and extend 
holomorphically through the poles of F. The holomorphic map 

= ker(dFF"^) = \m[dFF-^) 

into the round 2-sphere { [a;, 1] | x G C} U {[1,0]} C HP^ is then called 
the hyperbolic Gauss map of L. The hyperbolic Gauss map of a Bryant 
sphere L with smooth ends extends through the ends to a rational map from 

CP^ to CP^ 

Theorem 6.10 ([5]). Bryant spheres with smooth ends are 2-soliton spheres. 

Proof. Denote by (( ^2 )) ( yl )) = ^232/1 — a^ij?/2 the indefinite Hermitian form 
whose null lines are the round 3-sphere {[x, 1] | a; G Spauj^jl, i, k}}U{[l, 0]} 
in HP^ Then L = tpM, ip = F{\) and = kei{dFF-^) = im{dFF-'^) 
as above are maps into this 3-sphere. Denote by V'" the section of r(L^) 
defined away from the poles of F by 
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The claim follows from Theorem 6.2 once we show that if)'^ is the prolongation 

of a holomorphic section of H^/L that extends smoothly through the poles 
of F. Using that dF takes values in the null lines L^, we obtain 

(VV'",V) = -(^^VV;) = -{i;\dF{\)) = Q. 

Hence Vf/'" takes values in the null lines L and i/'" is the prolongation of 

the holomorphic section nil)'^ of H^/L. To see that tt%1)^ extends smoothly 
through the poles of F, let 2; be a local coordinate centered at a pole of F. 
Changing coordinates in one may assume that F = for some 

n G N with holomorphic functions a,b,c,d and c?(0) 7^ 0, see [5, Lemma 3]. 
Then irip^ = 7rei(— ck + d)~^) which implies that the holomorphic 
section tti/j"^ extends smoothly through the poles of F. □ 

Example 6.11 (Catenoid Cousins). The holomorphic null immersion 

[a, b, c, d, e] = [-/i, (/X + l)z^''+\ -{fi + l)z, + ^^"^^ 

into the 3-quadric = { [a, b, c, d, e] G CP^ | ad— be = } has as afiine part 
the holomorphic null immersion F = ^) into SL(2,C). The parameters 
fj, > —1, H ^ yield, via L = F(^^^M, Bryant's catenoid cousins [8]. The 
ends of a catenoid cousin are smooth if and only if € N \ {0}. Catenoid 
cousins with smooth ends are the simplest examples of Taimanov soliton 
spheres, cf. 4.10. Their Willmore energy is = 87r(/x + 1). Figure 6 shows 
/: CP^ ^R^ = ImM defined by [{] = ( J |)F(k)M for different n G N*. 

Example 6.12 (Bryant spheres with arbitrarily many smooth ends). The two 

ends of a catenoid cousin have order /x + 1. Applying the transformation 
(a, b, c, d, e) 1-^ (a, b, c, s^a + d — 2se, —sa + e) followed by (a, b, c, d, e) 1— > 
(a + t^d — 2te, b, c, d, —td + e) allows to deform each end to + 1 ends of 
order 1, see Figures 7-19. 



SOLITON SPHERES 



25 




Figure 14. = 5, 
W = 407r, s = 1.6i, 
t = -0.36. 



Figure 16. /x = 6, 
= 487r, s = 0.22, 
t = -0.57. 
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Figure 17. n = 8, 
W = 647r, s = 
-0.09 - 0.24i, t = 
-0.42. 



Figure 19. Mobius 
inversion of Figure 17 
in Poincare ball with 
marked ends. 



7. Example: Willmore spheres 

We show that Willmore spheres in the conformal 4-sphere = MF^ are 
examples of soliton spheres. 

7.1. Mean curvature sphere congruence. In case of immersed holomor- 
phic curves in HP^, the canonical complex structure defined in Section 3.7 

can be interpreted as the mean curvature sphere congruence. 

The oriented totally umbilic 2-sphcres in the conformal 4-sphere HP"*^ are 
in one-to-one correspondence with the quaternionic linear complex struc- 
tures on M^: let S e End(El2) such that 5^ = -1, then 

5 = { [x] G Mpi I [Sx] = [x] } 

is a totally umbilic 2-sphcrc in HP^. The complex structures S and —S 
define the same 2-sphere, but different orientations on the tangent spaces 
TpS = m^/p, p £ S. One therefore calls a map S: M ^ End{lf) with 
= —1 a sphere congruence. Its derivative may be decomposed 

VS = 2{*Q -*A) 

into its K-part 2*Q and its K-part —2*A satisfying *Q = ~SQ = QS and 
*A = SA = -AS. The End(]HI^)-valued 1-forms A and Q are called the 
Hopf fields of S. An immersed holomorphic curve L C HMn MP^ admits 
[10, Section 5] a unique sphere congruence satisfying 

SL = L, *S = SS = SS, L C ker{Q) (or, equivalently, im(^) C L) 

which is called the mean curvature sphere congruence of L and coincides 
with the canonical complex structure defined in Section 3.7. The name 
mean curvature sphere congruence reflects the fact that the sphere Sp at a 
point p G M is the unique sphere that touches the curve at Lp and has the 
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same mean curvature vectors with respect to any compatible metric of the 
conformal 4-sphere S^, of. [10, Section 5.2]. 

The Hopf fields A and Q measure the change of S along the curve. The 
integrals 2 J {A A *A) and 2 J{Q A *Q) measure the global change of S and 
coincide with the Willmore energies of the quaternionic holomorphic line 
bundles and (L-*-)"^ = H^/L which Kodaira correspond, as in Sec- 
tion 2.5, to L and L"*-, respectively. 

It can be shown, e.g. [10, Section 6], that an immersed holomorphic curve 
in MP^ is Willmore, i.e., a critical point of the Willmore energy, if and only 
if its mean curvature sphere is harmonic. This is equivalent to 

d*A = which is again equivalent to d*Q = 0. 

Special examples of Willmore surfaces are twistor holomorphic curves which 
arc characterized by ^ = 0, see Lemma 3.8, and curves with Q = for which 
the dual curve L"*- is twistor holomorphic. 

7.2. Willmore spheres in the 4— sphere. Bryant's classification [7] of 

Willmore spheres in the conformal 3-^sphere has the following extension to 
the conformal 4-sphere [12, 26, 25, 10]: an immersed Willmore sphere L C 
in the conformal 4-sphcre S'^ = MF^ is cither 

• twistor holomorphic, which is equivalent to ^4 = 0, 

• its dual L-*- is twistor holomorphic, which is equivalent to Q = 0, 

• or it is Euclidean minimal, 

where we call a holomorphic curve L in HP^ Euclidean minimal if it is 
minimal in the Euclidean space H = HP^ \ {oo} for some point oo G HP^ 
This is equivalent to the Mobius invariant condition that all mean curvature 
spheres of L intersect in one point. If a Euclidean minimal curve in HP^ 
is immersed, the corresponding minimal immersion into H = ]HP^\{oo} has 
planar ends [7] at the points where the curve goes through oo. 

Theorem 3.5 immediately implies that the first two cases are soliton 
spheres with equality in the Pliickcr estimate for the canonical linear sys- 
tem: if A = 0, then L itself is twistor holomorphic and equality in the 
Pliicker estimate holds for the canonical linear system of (L-*-)^^ = H^/L. If 
(5 = 0, then is twistor holomorphic and equality holds for the canonical 
linear system of L^^ = /L^. It therefore remains to show that Euclidean 
minimal spheres are soliton spheres. 

7.3. Euclidean minimal curves. Let L C be an immersed Euclidean 
minimal curve with mean curvature sphere congruence S and cx) = [x] € HP^ 
the point contained in all mean curvature spheres. Then [Spx] = [x] for all 
p e M such that VSx takes values in the subspace [x] C H^. Using the type 
decomposition V-S = 2*Q — 2*A, this implies 



im(*(5) C [x] C ker(*A), 
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because L C ker(Q), im(A) C L and [x\ = Lp at isolated p £ M only. 
In particular L is Willmore, because d*Q = which follows from d*Qx = 
ld{VS)x = and d^Qi/j = *Q A 5^' = for all V e r(L). 

Theorem 7.4. Immersed Willmore spheres in HP^ are soliton spheres. 

Proof. As seen in Section 7.2 it suffices to show that every immersed Eu- 
clidean minimal sphere L C whose Hopf field A does not vanish identi- 
cally is a soliton sphere. We fix a point oo = [ei] G HP^ such that L does 
not go through oo and, using the notation of Section 5.2, write L = ipM 
with V = ({) for /: CP^ H. Then /: CP^ ^ M is not minimal in the 
Euclidean space = M. 

Because CP^ is simply connected, there is a globally defined 1-step for- 
ward Backlund transform g : CP^ — > H of / that satisfies 

dg = e*2{2*Aei) 

(see Appendix B.2). It is non-constant, because / is not Euclidean minimal. 
By assumption there is a G H such that (/ — a)~^ is Euclidean minimal. 
Theorem B.4 iii) thus implies that g is twistor holomorphic. By Theo- 
rem 3.5 this yields that the linear system H = Span{'i/', ^g'} C H^{L) of 
the Euclidean holomorphic structure on L defined by oo has equality in the 
Pliicker estimate. Hence L is a soliton sphere by Theorem 5.3. □ 

Using Proposition 3.12 and Corollaries B.5 and B.6, the proof of The- 
orem 7.4 gives rise to the following representation of Willmore spheres in 
the conformal 3- and 4-sphere in terms of twistor holomorphic curves. Ap- 
pendix B.7 explains how this representation is related to the Weierstrass 
representation of minimal surfaces. 

CoroUsiry 7.5. Let f: CP^ M. be a conformally immersed sphere. Sup- 
pose that neither f nor f is twistor holomorphic. Then f is Willmore if and 
only if there is a twistor holomorphic curve L: CP^ HP^ with smoothly 
immersed mean curvature sphere congruence S such that 

f = eliSei) + c, 

for some c G H, ei G H2\{0}, and G (H2)*\{0} such that e^(ei) = 0. 

The Willmore sphere f takes values in = ImH if and only if the 
twistor holomorphic curve L is hyperbolic superminimal with respect to the 
hyperbolic geometry defined by the Hermitian form {{xl), {yl)) = X2y\+xiy2 
(see Appendix C.9) and 

f = {a, Sa) + c 
for some c G ImH and a G ]HI^\{0} with {a, a) = 0. 

Remark 7.6. The Willmore energy of a Willmore sphere / obtained as in 
Corollary 7.5 from a twistor holomorphic curve L is 



W{f) = ATr{2d-2-b), 
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Figure 20. Willmore spheres with Willmore energy IGvr. 

where d = — deg(L) is the degree of L and h its branching degree, cf. the 
proof of Lemma 8.5. If / takes values in Im(]HI), then b = d — 2> and hence 
W{f) =47r(d+l). 

Example 7.7 (Willmore spheres in S'^ with Willmore energy IGvr). As an 
application of Corollary 7.5 we derive a formula for Willmore spheres in the 
conformal 3-sphere with Willmore energy IGvr, the lowest critical value of 
the Willmore energy for spheres in above the minimum 47r. 

Remark 7.6 implies that d = 3 and 6 = for Willmore spheres in S"^ with 
Willmore energy IGvr. By Proposition C.ll, the twistor projection L of the 
holomorphic curve L = [ip\: CP^ — > CP'^ given by 

If := eiz + eijgz^ - 62 + e2i^z^ 

is hyperbolic minimal with respect to the Hermitian form in Corollary 7.5, 
because in the basis ei, . . . , ee of Appendix B.7 the curve L has the tangent 
line congruence Li = [S] : CP^ ^ = { [v] G P(A2(M2,i)) \ v Av = 0} 
given by 

S = ipAip' = ^(0, -12iz2, 12 - z^ -12i - k^, 8z^ -24z) 

which is polar to the space like vector ei. 

Figure 20 shows the Willmore spheres / = (a, Sa) in obtained for 
a = 62 + 623 (left) and a = —6\ + 62 (right). The left image in Figure 21 
shows / = (a. So) with 99 replaced by (/? + e^^Zz and a = 62 + e2j; the right 
images is obtained for a = —6\ + 62 when is replaced by 93 + e2j72;. 

8. Willmore numbers of soliton spheres in 3-space 

In [9] Bryant shows that the possible Willmore energies W = J | "Hp of 
Willmore spheres in are W = And with d E (N \ {0,2,3,5,7}). The 
same quantization holds for Bryant spheres with smooth ends [5] and for 
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Figure 21. Willmore spheres with WiUmore energy IGvr. 

Taimanov sohton spheres, Corohary 4.9. In the present section we show 
that this quantization more generally holds for all immersed soliton spheres 
in 3-space. The main ingredient in the proof of this is Theorem 8.11 which 
says that all soliton spheres in 3-space with Willmore energy W < 32tt are 
Willmore spheres or Bryant spheres with smooth ends. 

8.1. Equality in the Pliicker estimate for spin bundles over CP^. 

In order to investigate soliton spheres in the conformal 3-sphere we apply 
the characterization in terms of Euclidean holomorphic line bundles given 
in Section 5.2. The advantage of the Euclidean point of view is that, if 
a conformal immersion L C into MP^ takes values in a totally umbilic 
3-sphere C HP^, the Euclidean holomorphic structure on L defined by 
a point oo G not on L makes L into a quaternionic spin bundle, see 
Section 4.3. 

Let L = 'ipM, ■0 = ( ■j^ ) with affine representation / : CP^ IniH and oo = 
{q)M. As explained in Section 5.2, the Euclidean holomorphic line bundle 
corresponding to oo is L equipped with the unique holomorphic structure 
for which ip is holomorphic. Since / takes values in Im(]HI), this quaternionic 
holomorphic line bundle L is spin, i.e., KL~^ = L, and 

see Theorem 4.4. The Willmore energy of the Euclidean holomorphic struc- 
ture on L is then W{L) = J \'H\'^, see Section 4.1. In the following we call 
W{L) the Willmore energy of a soliton sphere in the conformal 3-sphere. 
Its relation to the Willmore energy of the Mobius invariant holomorphic line 
bundle MVL is W{L) = W{U^/L) + An, see Section 2.7. 
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By Theorem 5.3, the conformal immersion / is a sohton sphere if and 
only if the spin bundle L admits a base point free linear system H C H^{L) 
that contains and has equality in the Pliickcr estimate. Equality in the 
Pliicker estimate for an (n + 1) -dimensional linear system H C H^{L) of a 
quaternionic spin bundle L over CP^ reads 



8.2. The possible gaps in the sequence of Willmore numbers. Ex- 
amples of soliton spheres in the conformal 3-sphere with Willmore energy 
W{L) G 47r(N \ {0, 2, 3, 5, 7}) can be found in each of the special classes 
of soliton spheres discussed in Sections 4, 6, and 7, that is, among im- 
mersed Taimanov soliton spheres, Corollary 4.9, Bryant spheres with smooth 
ends [5], and Willmore spheres in the conformal 3-sphere, see [9]. It is there- 
fore sufficient to show that W G 47r{2, 3, 5, 7} does not occur as Willmore 
energy of immersed soliton spheres in 3-space. 

Lemma 8.3. The only soliton sphere in 3-space with W{L) < IGtt is the 
round sphere for which W{L) = Att. 

Proof. If W{L) < IGtt, then n = and the linear system H C H^{L) 
above is 1-dimcnsional. Because it is base point free, it has no Weierstrass 
points. Thus W{L) = Att which implies that the immersion is the round 



This shows that the Willmore energies Stt and 127r do not occur so that 
it remains to check that 207r and 287r are impossible. 

8.4. Soliton spheres in 3— space related to superminimal curves. If 

L is the spin bundle of a soliton sphere in 3-space with IGvr < W{L) < 327r, 
the base point free linear system H with equality in the quaternionic Pliicker 
estimate in Section 8.1 is 2-dimensional and "full" in the sense that H = 
H^{L). In particular we are in the situation described by Proposition 3.12, 
i.e., the dual curve L'^ of H = is twistor holomorphic, extends through 
the Weierstrass points of H, and has a mean curvature sphere congruence 
which is everywhere defined and smooth. 

Lemma 8.5. Let L'^ C 6e a twistor holomorphic curve over CP^ with 
mean curvature sphere congruence that is everywhere defined and smooth. 
Then L ^ M^/L*^ has the degree deg(L) = -1 of a spin bundle if and only if 



because KL 



W{L) = Att [(n + 1)^ + 1 ord H\] , 
L and hence deg(L) = ^ Aeg{K) = — 1. 



sphere [37]. 



□ 




W{L)=AiT{d+l). 



32 



CHRISTOPH BOHLE AND G. PAUL PETERS 



Proof. Because the derivative S: L'^ ^ KL of L'^ is complex holomorphic 
[10, Section 13.2] one gets 

\h{L'')\ = deg{KL)-deg{L''). 

Hence, deg(L) = —1 if and only if |6(L'^)| = d — 3. By Proposition A. 2, the 
Weierstrass order of H = H^{L) coincides with the branching order b{L'^) 
of L'^. Equality in the Pliicker estimate for H thus yields 

W{L) = A7T [4+ . 

□ 

In order to derive a condition on the dual curve L'^ which guaranties 
that L is spin, i.e., KL^^ = L, we make use of a bundle isomorphism 
induced by L*^: let L*^ C .ff = be a twistor holomorphic curve with 
everywhere defined and smooth mean curvature sphere congruence S, cf. 
Proposition 3.12. Assuming that the Willmorc energy W{L) of L = H/L'^ 
is not zero, the Hopf field Q of L'^ does not vanish identically and defines a 
unique holomorphic curve 

L C ker(Q*) C H* 

called the 2-step forward Backlund transformation of {L'^)^, see Appen- 
dix B. Because L'^ C ker((5) and *Q = —SQ = QS, the bundle homomor- 
phism *Q* maps the trivial if*-bundle to the bundle KL~^ of (l,0)-forms 
with values in = (L'')-'- C H* . This gives rise to a quaternionic line 
bundle homomorphism 

*Q* : H*/L KL-^ {x mod L) ^ *Q*x 

which is complex linear with respect to the complex structure on H*/L 
induced by —S* and the usual complex structure induced by S* on = 
{L<^)^ C H*. 

Lemma 8.6. Let L"^ C H = M.^ be a twistor holomorphic curve with 

everywhere defined and smooth mean curvature sphere congruence S and 
non-trivial Q. Denote by L C ker((5*) the 2-step Backlund transform 
of {L'^)'^ ■ Then *Q* : H*/L KL~^ is a holomorphic bundle homomor- 
phism, where KL^^ is equipped with the holomorphic structure paired with 
that on L = H/L'^ (Section 4-1) and H*/L is equipped with the unique holo- 
morphic structure with respect to which all projections of constant sections 
of H* are holomorphic and whose complex structure is induced by —S*. 

Proof. In order to check that the above holomorphic structure on H*/L is 
well defined we have to distinguish two cases: if L is constant, the holo- 
morphic structure is given by D = V" = ^(V + *JV) where J denotes the 
complex structure on H* / L induced by —S* and V the trivial connection 
of H* /L. If L is non-constant, then H* /L is the canonical holomorphic 
line bundle of the holomorphic curve L-*- as defined in Section 2.5, because 
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= d*Q*\i = -*Q* A 5 implies 5 = -S*5. Holomorphicity of the bundle 
homomorphism induced by *Q* also follows from d*Q = 0: by definition of 
the holomorphic structure on KL~^, a section a € T(KL~^) is holomorphic 
if and only if a(a) is closed for all a £ H. But *Q*y G r{KL~^) is closed for 
every y G H* and hence *Q* maps the projection to H* /L of every constant 
section of H* to a holomorphic section of KL^^, cf. Section 4.1. □ 

Assume now that L is a spin bundle, i.e., KL~^ = L. The composition of 
the bundle homomorphism 2*Q* with the isomorphism KL~^ = L is then 
a holomorphic bundle homomorphism 

B : H*/L L. 

The image B{H*) C H^{L) under B of the space of sections of H* /L ob- 
tained by projecting constant sections of H* is a 1- or 2-dimensional sub- 
space of H^{L) depending on whether L is constant or non-constant. 

Remark 8.7. One can show that if H has equality in the Pliicker estimate, 
then B{H*) has equality and is cither contained in the canonical linear 
system H C H^{L) of the curve L'^ ov H (1 B{H*) = {0} and B{H*) is 
2-dimensional. 

The following proposition characterizes the twistor holomorphic curves 
L'^ d H = 'E? with smooth S and non-trivial Q for which L = H/ is spin 
and B{H*) is contained in the canonical linear system H C H^{L) of L*^. 
Note that if W{L) < 327r the Pliicker estimate implies B{H*) C H, because 
then H = H^{L). 

Proposition 8.8. Let L be a quaternionic holomorphic line bundle over 
CP^ and H c a base point free, 2-dimensional linear system with 

equality in the Pliicker estimate and dual curve L'^ C H^. Then L IS a 
quaternionic spin bundle with B[H*) G H if and only if either 

a) is spherical or hyperbolic superminimal with everywhere defined and 
immersed mean curvature sphere congruence, or 

b) is Euclidean superminimal in EnP''^\{oo} for some point oo G HP-^ and 
the intersection divisor of L'^ with oo is equal to the branching divisor of 
the globally defined mean curvature sphere congruence of L'^. 

Remark 8.9. By Proposition C.ll, the tangent line congruence of the 

twistor lift L'^ of a curve L'^ belonging to type a) is a rational null im- 
mersion into the complex 3-quadric. Denote by d and di the degree of L'^ 
and Lf. Using that L'^ is self dual, see Remark C.12, the complex Pliicker 

Formula [17, p. 270] for Lf implies = —2d + 2di — 2, because Lf is un- 
branched if S is immersed, see Lemma C.8. By Lemma 8.5 we thus have 
j^W{L) = d + 1 = di. This excludes type a) curves for which W{L) = 207r 
or W{L) = 287r, because rational null immersions of degree 5 and 7 into the 
complex 3-quadric do not exist, cf. [9]. 
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To prove the quantization of the Willmore energy for sohton spheres in 
3-space it therefore remains to exclude type b) curves of degree 4 and 6. A 

direct proof of this turns out to be very technical. Below such curves are 
excluded by a Mobius geometric argument, sec the proof of Theorem 8.11. 

Proof. From Proposition 3.12 we know that a base point free, 2-dimensional 
linear system H C {L) with equality in the Pliicker estimate has a globally 
defined, twistor holomorphic dual curve L'^ d H whose mean curvature 
sphere congruence S extends smoothly through its branch points. 

Assume that L is spin and B{H*) C H. We distinguish the cases of 
non-constant and constant Backlund transform L c ker((5*). 

a) If L is non-constant, then B maps the space H* of holomorphic sections 
of H* /L onto H C H^{L). Because by assumption H is base point free, the 
bundle homomorphism B is an isomorphism. Since VS* = 2*Q, Lemma 3.8, 
this implies that the mean curvature sphere congruence S of L*^ is immersed. 

The bundle isomorphism B induces an isomorphism B : H* H oi vector 
spaces between the 2-dimensional linear systems H* and H. It maps L C 
H* onto L'^ and thus maps the mean curvature sphere congruence —S* of 
L onto the mean curvature sphere congruence S of L, i.e., SB = —BS*. 
Differentiating the last equation one obtains that B maps {L'^)^ = im(Q*) 
onto L"*- = im(Q). This implies that the adjoint B* of B also induces a 
bundle isomorphism H* /L — > L = H/L'^. Because every automorphism of 
a quaternionic holomorphic line bundle with non-trivial Hopf field acts by 
multiplication with a real constant, we obtain that B* = zizB. Now B* = —B 
is impossible: for every x G i/*\{0} the non-trivial 1-forni {*Q*x, Bx) = 
*Q*x{Bx) had to be real-valued, because SB = -BS* imphes QB = -BQ* 
and hence 

{*Q*x,Bx) = {x,B**Q*x) = -{x,B*Q*x) = {x,*QBx) = {*Q*x,Bx). 

But this contradicts *{*Q*x,Bx) = -{*Q*S*x,Bx) = N{*Q*x, Bx) with 
TV G ImH defined by S*x = xN mod L. Hence B* = B and B defines a 
non-degenerate Hermitian form on H with respect to which S is skew. Thus 
L is spherical or hyperbolic superminimal, by Lemma C.IO. 

b) If L is constant, then oo = L"*" C H lies on all mean curvature spheres 
of L'^. Hence L"^ is Euclidean superminimal. The statement about the 
intersection divisor may be seen as follows: the vanishing divisor of a non- 
trivial holomorphic section x £ H C H^{L) with a; G oo is the intersection 
divisor of L'^ with co. Let y G H* with y{x) = 1. Because y ^ L = oo-*- it 
induces a nowhere vanishing holomorphic section of H* /L. The vanishing 
divisor of By thus equals the branching divisor of S, since V-S = 2*Q. 

We prove now that the holomorphic sections By and x differ by a real 
constant only and hence have the same vanishing divisor: because S is 
smooth and 5oo = oo, there is a map N:CF^-> S^ with Sx = xN. On 
the other hand, since y{x) = 1 we have —S*y = yN mod L and S{By) = 
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{By)N. Thus, away from the isolated zeros of By and x there exist real 
valued functions Ai, A2 with By = x{Xi + A2iV). Since Q is non-trivial, the 
Leibniz rule in Section 2.2 implies that Ai is constant and A2 = 0. Hence 
By = xXi with Ai G M such that By and x have the same vanishing divisor. 

We show now that, conversely, if L*^ C -H" is a superminimal curve as in a) 
or b), then L = H/L"^ is a quaternionic spin bundle, i.e., KL~^ = L, which 
by construction satisfies B{H*) C H. 

a) Let L'^ be spherical or hyperbolic superminimal. Then there exists a 
non-degenerate Hermitian form (•,■) with respect to which S = —S*, see 
Lemma C.IO, and VS = 2*Q because L'^ is twistor holomorphic. Identifying 
H and H* via (•,•), this implies Q = ~Q* and hence L = kcr((5*) = 
ker(g) = L^. Since im(Q) = = {L'^)^ ^ {H/L'^)-^ = L-\ the Hopf field 
*Q induces a quaternionic holomorphic bundle homomorphism L — > KL~^ 
which is an isomorphism because by assumption S is an immersion. 

b) If L'^ is Euclidean superminimal, then 00 = L"*" = iui{Q) is a constant 
point. As above, let x G 00 and y G (H^)* such that y{x) = 1. Then *Q*y is 
a holomorphic section of KL~^ whose vanishing divisor by assumption coin- 
cides with the vanishing divisor of x seen as a holomorphic section of L. As 
before, there exists a quaternion valued map defined away from the zeros 
of X and *Q*y, such that Jx = xN and J*Q*y = *Q*yN, where J denotes 
the complex structures of the respective quaternionic holomorphic line bun- 
dles L and KL~^. This proves L = KL~^, because the identification of two 
holomorphic sections with the same vanishing divisor and the same "normal 
vector" N gives rise to a holomorphic line bundle isomorphism. This fol- 
lows from Ricmann's removable singularity theorem, because holomorphic 
homomorphisms between two quaternionic holomorphic line bundles are in 
particular complex holomorphic sections of the line bundle of homomor- 
phisms between the underlying complex holomorphic line bundles. □ 

8.10. Classification of soliton spheres in 3 space with Willmore en- 
ergy 167r < < 327r. Let L C be a soliton sphere with IGtt <W < 327r 

in the conformal 3-sphere C HP"^. For every 00 € not on L, the in- 
duced quaternionic spin structure on L then admits a 2-dimensional linear 
system related to a superminimal curve as described in Proposition 8.8. In- 
vestigation of the corresponding 3-dimensional linear system of the Mobius 
invariant holomorphic line bundle H^/L shows that L is either a Willmore 
sphere or a Bryant sphere with smooth ends. 

Theorem 8.11. Let L CM."^ be a soliton sphere in the conformal 3-sphere 
with Willmore energy IGtt < W < 327r. Then the full space of holomorphic 
sections H^{M.'^/L) of the Mobius invariant holomorphic line bundle H^/L 
is a 3-dimensional linear system with equality in the Pliicker estimate that 
also contains a (unique) 1-dimensional linear system H C H^{M? /L) with 
equality in the Pliicker estimate. Moreover, either 

• L is a Willmore sphere or 
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• L is a Bryant sphere with smooth ends, 
depending on whether H is contained in the canonical linear system or not. 
In the Bryant case, the Darboux transform corresponding to H is the hy- 
perbolic Gauss map of L. In the Willm,ore case, the Darboux transform is 
constant and coincides with the point oo for which L is Euclidean minimal 
in EnP^\{oo}. 

Remark 8.12. The assumption 167r < 1^ < 327r in Theorem 8.11 may be 

replaced by the weaker assumption B{H*) <Z H oi Proposition 8.8. In the 
proof of Theorem 8.11 we show that a soliton sphere L in = Im(]HI) whose 
spin bundle is of type a) in Proposition 8.8 is a Willmore sphere or a Bryant 
sphere with smooth ends (in the ball model of hyperbolic space) . A soliton 
sphere in whose spin bundle is of type b) in Proposition 8.8 is a Bryant 
sphere with smooth ends (in the half space model of hyperbolic space). 

For the proof of Theorem 8.11 we need to derive some properties of 1- 
dimensional linear systems with equality in the Pliicker estimate. If is 
an arbitrary quaternionic holomorphic section, then N with J(p = ipN is 
continuous at the zeros of if and smooth elsewhere, cf. the appendix to [3]. 
The following lemma together with Riemann's removable singularity theo- 
rem implies that N is everywhere smooth in case (p spans a 1-dimensional 
linear system with equality in the Pliicker estimate. 

Lemma 8.13. Let L be a quaternionic holomorphic line bundle with complex 

structure J over a compact Riemann surface. 

i) Let (p G II^{L) \ {0} and define N by Jip = ipN . The 1-dimensional 
linear system spanned by 9? has equality in the Pliicker estimate if and 
only ifdN' = \{dN - N*dN) = 0. 

ii) Let ip, ip £ II^(L) and ip = (pf with non-constant f defined away from 
the zeros of p>. The 1-dimensional linear system spanned by p has 
equality in the Pliicker estimate if and only if f is Euclidean minimal. 

Hi) If the Willmore energy of L is non-zero, then L has at most one linear 
system with equality in the Pliicker estimate. 

Proof, i) Equality in the Pliicker estimate for the 1-dimensional linear sys- 
tem spanned by (p is equivalent to W{L~^,V") = \j dN' A *dN' = 0, 
see Section 3.6. This is equivalent to dN' = 0, because dN' A *dN is a 
positive real valued 2-form. ii) follows from i), because *df = Ndf and 
dN' = dfH, see Appendix A. 4. iii) Assume p and tp G H^iL) span two dif- 
ferent 1-dimensional linear systems with equality. Then / and f~^ defined 
by -0 = ipf are both Euclidean minimal. This implies that / is planar and, 
consequently, the Willmore energy of L vanishes, cf. Section 7.3. □ 

Proof of Theorem 8.11. Let L = CH^, ■(/;=(^)bea soliton sphere in 
the conformal 3-sphere = ImH U {00} C HP"'^ with affine representation 
/: CP"*^ ImH. As explained in Section 8.1, the choice 00 = (o)BI makes 
L into a quaternionic spin bundle for which -0 G H^{L). Using the Pliicker 
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estimate and Theorem 5.3, the assumption IGvr < W{L) < 327r imphes that 
the full space of holomorphic sections H^{L) of L is 2-dimensional and has 
equality in the Pliicker estimate. Since H = H^{L), we obtain in particular 
that the assumption B{H*) C H of Proposition 8.8 is satisfied. 

Denote hy ip e H^{M'^/L) the projection of ei to the Mobius invariant 
holomorphic line bundle H^/L of L. The canonical linear system of L is then 
spanned by ^pf, cf. Section 2.5. Let V be the flat connection of H^/L such 
that V(/? = 0. Then ipdf is a holomorphic section of KM'^/L when KW'^/L 
is, as in Section 5.2, equipped with the holomorphic structure . The 
derivative S: L ^ KM'^/L of L is then a complex quatcrnionic line bundle 
isomorphism, cf. Section 2.3, which is holomorphic because 5 maps the holo- 
morphic section G H^{L) to ipdf G H^{K'^ / L). Using this isomorphism. 
Lemma 5.5 applied to Lp implies that H^{^ / L) is 3-dimensional and has 
equality in the Pliicker estimate, because CP"^ is simply connected. 

a) Suppose that the dual curve L'^ of H^{L) is of type a) in Proposi- 
tion 8.8, i.e., the mean curvature sphere congruence S of L'^ is everywhere 
defined, immersed, and skew with respect to a non-degenerate Hermitian 
form (•,•). Since L'^ is twistor holomorphic one has VS = 2*Q. In the 
proof of Proposition 8.8 it is shown that the isomorphism of L and KL~^ is 
provided by VS = 2*(5, i.e., df = {il^^'^) = 2{ijj,*Q'tp). Thus, without loss 
of generality 

If (V', ip) = 0, then /^^ is Euclidean minimal by Corollary B.6, and 
Lemma 8.13 implies that the 1-dimensional linear system spanned by ipf 
has equality in the Pliicker estimate. 

If {tp, i/j) ^ Owe may assume that {i/j, = 1. Let ei, 62 be a basis of H^{L) 
such that 62 = "0) (ei, 62) = 0, and L'^ = [f ] with nowhere vanishing g. From 
the formula for S in Appendix A. 4 we then obtain 

f={^,S^) = Hgg-Rg. 

Since L'^ is twistor holomorphic, dRg = dR' = Hgdg and hence df = dHgg. 
By Lemma 6.4, this implies that /" = f—Hgg = —Rg is a Darboux transform 
of /. This shows that / is a Bryant sphere with smooth ends: because 
= —Rg is totally umbilic and both / and p = —Rg take values in Im(EI), 
we obtain from [19, 5] (see also Remark 6.9) that, away from the isolated 
points where / and intersect, / is a Bryant surface. Since the immersion 
/ is defined on all of CP^, the isolated intersection points are smooth Bryant 
ends. 

Moreover, by Lemma 8.13 the 1-dimcnsional linear system of H^/L that is 
spanned by pHg has equality in the Pliicker estimate, since is Euclidean 
minimal by Corollary B.5. 

b) Suppose now that the dual curve L'^ of H^{L) is of type b) in Propo- 
sition 8.8, i.e., there exists a line co C H^{L) such that L'^' is Euclidean 
superminimal in PH^{L) \ {00}. Let 61,62 G H^{L) be a basis such that 
ei = tp and 62 G 00 and let L'^ = [f ] with respect to this basis. Then g~^ is 
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Euclidean superminimal. The description of the spin pairing KL = L in 
the proof of Proposition 8.8 imphes (e2, 62) = e\{2*Qe2) = dHgg and 

df = = (e25~\e25~^) = g~^d,Hg = -~dHgg~'^, 

where the last equation holds because df is Im(]HI)-valued. Thus dfg+dHg = 
and Lemma 6.4 implies that /" = f + Hgg~^ is a Darboux transform of /. 
Moreover, is Euclidean minimal by Corollary B.5 and twistor holomor- 
phic, by iii) of Theorem B.4, because Hg is a 1-step forward Backlund trans- 
form of g^^ which is Euclidean minimal. Thus is planar by Lemma 6.5, 
because both g"^ and are Euclidean superminimal. By Lemma 8.13, 
the 1-dimensional linear system spanned by <fHg has equality in the Pliicker 
estimate. 

To see that / is a Bryant sphere with smooth ends, by [19, 5] it remains 
to proof that the planar Darboux transform /" is Im(BI)-valued (see Re- 
mark 6.9): by assumption e2lHI is a fixed line of S such that 62(5*62) is a 
quaternionic that squares to —1 and is hence imaginary. Because on the 
other hand 62(562) = Hgg — Rg we obtain that Hgg takes values in Im(EI). 
This implies /" = / + Hgg~^ is Im(EI)-valued. 

□ 

Theorem 8.11 yields that the possible Willmore energies of soliton spheres 
in 3-space coincide with the possible Willmore energies of Willmore spheres 
in 3-space and of Bryant spheres with smooth ends. 

Theorem 8.14. The possible Willmore energies W = J \'H\^ of immersed 
soliton spheres in 3-space are W G 47r(N \ {0, 2, 3, 5, 7}). 

Appendix A. Formulae in affine coordinates 

This appendix relates projective invariants of holomorphic curves in HP"^ 
to the Euclidean invariants of their representations in affine charts. 

A.l. Branch points of holomorphic curves in HP^. A branch point of 
order G N of a smooth map f:M^N from a 2-dimensional manifold 
M to an {n + 2)-dimensional manifold AT is a point p E M for which there 

exists an integer k > 1 and centered coordinates z: M D C/ — ^ C and 
u= {ui, ...,Un+2) : N D V ^ M"+2 at p and f{p) that satisfy 

«i o / + m2 o / = z'^+i + 0(fc + 2), uio f = Oik + 2), l = 3,...,n + 2, 

cf. [18]. We write bp(f) = k for the branching order of / at p and b(f) for the 
branching divisor of /. A map / is called a branched immersion if all points 
at which df fails to be injective are branch points. If M is a Riemann surface, 
a branched immersion is called conformal if it is conformal away from its 
branch points. The following proposition relates the branching divisor of a 
holomorphic curve in MF^ to the Weierstrass divisor of its canonical linear 
system, cf. Sections 2.5 and 2.6. 
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Proposition A. 2. A non-constant holomorphic curve in HP is a branched 
conformal immersion. Its branching divisor coincides with the Weierstrass 
divisor of its canonical linear system. 

Proof. Using the affine chart induced by the basis ei, 62 (cf. Section 2.4), a 
holomorphic curve can be written as L = (()]H C with /: M H. The 
induced basis e^, 63 G H^{L~^) of the canonical linear system then satisfies 
^1 = 62/. Assume that Lp = 62^. at p e M and hence f{p) = 0. By [13, 
Section 3.3] there exists a centered holomorphic coordinate z: M D U ^ C 
at p and a nowhere vanishing section (p € r(L|^ ), such that the holomorphic 

section e| = 62/ of = (JSP)*/L^ can be written as 

e*/ = ei = z'^+V + + 2) as z ^ 00. 

This proves the claim, because 6p(/) = k = ordp(e^) — 1 and ordp(H^)* = 
ordp(e^) — 1 = /c as 62 induces a section of which does not vanish 
at p. □ 

A. 3. Left— and right normal vectors. Let L = ({)BI C be a smooth 
map into HP^ Then / : M ^ M is the image of L under the affine chart a 
defined by 61,62. As explained in Section 2.4, the map L is a holomorphic 
curve if and only if there exists a smooth map i?: M — > S'^ C ImH such 
that 

*d/ = -dfR. 

Analogously, the dual map L-*- is a holomorphic curve if and only if there 
exists a smooth map N: M — C Im H such that 

*d/ = Ndf, 

because L-^ = (e^ - 6^/)H C (H^)*. The maps N and R are called left 
normal and right normal of /, respectively. If / is a conformal immersion, 
both normal vectors exist and are smooth. One can prove (cf. appendix 
to [3]) that if / is a non-constant map for which one of the two normals 
exists and is smooth, the other normal vector can be globally defined as a 
continuous map which is smooth away from the branch points of /. 

Recall from Section 2.5 that if L is a holomorphic curve then = 
(1HI^)*/L-'- is a Mobius invariant holomorphic line bundle. The constant 
sections of (H^)* project to the canonical linear system of holomorphic sec- 
tions which is spanned by = 6|/ and e^. In particular, the complex 
structure J of L"^ satisfies Jeg = 62-^. Similarly, if L-*- is holomorphic, 
then H^/L = (L"*")"^ is a Mobius invariant holomorphic line bundle whose 
canonical linear system is spanned ei and e2 = — ei/ and whose complex 
structure J satisfies Jei = 61A''. 

A. 4. Mean curvature sphere congruence. Assume now that L is im- 
mersed. Then both Mobius invariant quaternionic holomorphic line bundles 
are defined. The left and right normals N and R are both smooth and 
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*df = Ndf = —dJR. In [10, Section 7.1] it is shown that the mean curva- 
ture vector 7^ of / is related to N and R via 

dN' =]^{dN - N*dN) = dfH and dR' = ^{dR - R*dR) = Hd.f, 

where H = —RTi = —TiN. In particular / is Euclidean minimal if and only 
if N and R are anti-holomorphic, i.e., dN' = dR! = 0. 

The mean curvature sphere congruence of L (Section 7.1) is given by 

(see [10, Section 7.2]) and its Hopf fields are 

,«„) .,«=A.(; /)(/^, »), 

with dR" =\{dR + R*dR), dN" = l{dN + N*dN), and 

w = l{dH + R*dH - H*dN") = \{dH + *dHN - *dR"H). 

The mean curvature sphere congruence of the dual curve L"*" is S'^ = S* 
with Hopf fields = ^Q* and = -A*. 

By Lemma 3.8, the holomorphic curve L is twistor holomorphic if and 
only if dR" = 0. Similarly L-*- is twistor holomorphic if and only if dN" = 0. 
Moreover, L is totally umbilic if and only if S is constant which is equivalent 
to both L and L-^ being twistor holomorphic, i.e., to dN" = dR" = 0. 

Appendix B. Backlund transformations of Willmore surfaces 

In this appendix we collect some results from [10, Section 9] about 1- 

and 2-stcp Backlund transformations of Willmore surfaces in the confor- 
mal 4-sphere = MF^ and derive consequences that are central for the 
present paper. As an example we show how the Weierstrass representation 
of minimal surfaces fits into this context. 

B.l. 2— step Backlund transformation. A holomorphic curve L C 

in HP^ is Willmore if and only if its Hopf fields A and Q arc co closed, 
see Section 7.1. If ^ docs not vanish identically, then L = kcr(^) extends 
smoothly through the isolated zeroes of A to either a branched conformal 
immersion or a constant map. If Q does not vanish identically, the same is 
true for L = im(Q), cf. [10, Appendix 13.1]. The maps L and L defined by 

L D ker(A) and L C im{Q) 

are then called the 2-step forward or backward Backlund transform of L, 
respectively. If L is defined and non-constant, by [10, Theorem 7] its Hopf 

field is Q = A which implies that L is again Willmore and L = L. Analo- 

— ^ 

gously, A = Q and L. 
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B.2. 1— step Backlund transformation. In contrast to 2-step Backlund 
transformations, 1-step Backlund transformations are not Mobius invariant 

but depend on the choice of a point oo G MF^: as in Appendix A wc chose 
oo = [q] and write L = (•J^^HcBI^ with / : M — > BI the representation 
in the affine chart defined by ei, 62- Because w in Appendix A.4 satisfies 
*w = —Rw and *{w — dH) = {w — dH)N we have 

dfAw = {w-dH)Adf = 0. 

One can check [10, Section 7] that w is closed if and only if A or, equiv- 
alcntly, Q is co-closed which in turn is equivalent to / being Willmore (see 
Section 7). 

If / is a Willmore immersion, a smooth map g: M that satisfies 

dg = w = 62(2*^61) 

is called a 1-step forward Backlund transform of /. Up to similarity trans- 
formation g is uniquely determined by the choice of 00. If w does not vanish 
identically, then g is a branched conformal immersion. Similarly, a map 
h with dh = w — dH = e^iy'i^Qei) is called a 1-step backward Backlund 
transform. 

B.3. Properties of the Backlund transformations. The following the- 
orem describes the relation between 1-step and 2-step Backlund transfor- 
mations. 

Theorem B.4. Let f-.M^Mbea Willmore immersion and g: M ^M. a 
1-step forward Backlund transform, i.e., dg = w. If w ^ 0, then: 

i) the 1-step forward Backlund transform g is a branched conformal Will- 
more immersion. Away from its branch points df = Wg — dHg. In 
particular, f is a 1 -step backward Backlund transform of g and f + Hg 
is a 1-step forward Backlund transform of g. 
a) the 2-step forward Backlund transform f of f coincides with the 1-step 

forward Backlund transform, f = f + Hg of g. 
Hi) the 1-step forward Backlund transform g of f is twistor holomorphic, 
i.e., Ag = 0, if and only if there exists a point a G H such that the 
inversion {f — a)~^ is Euclidean minimal. 

The analogous statements hold for backward Backlund transformations. 

Proof. Statement i) is an immediate consequence of the fact [10, Proposi- 
tion 16] that if two branched conformal immersions satisfy df Adg = 0, then 
dg{wg — dHg) = wdf. Statement ii) follows from [10, Lemma 10]. To see iii), 
note that since A ^ the characterization of Euclidean minimal surfaces 
given in Section 7.3 yields that (/ — a)~^ is Euclidean minimal if and only if 
[f] C ker^. But this means that [1] is the 2-step forward Backlund trans- 
form of / which, by i) and ii), is equivalent to Wg = 0. Because Wg = 0, the 
assumption Ag ^ would imply that g is Euclidean minimal, i.e., Hg = 0, 
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which contradicts a = f = f + Hg. Thus, for the 1-step Backlund transfor- 
mation g we have that Wg = Q is equivalent to Ag = {). □ 

Using the formula for S in Section A. 4 we obtain: 

Corollary B.5. Let f : M ^ M be a nowhere vanishing conformal immer- 
sion of a simply connected Riemann surface. Its inversion f~^ is Euclidean 
minimal if and only if there is a branched twistor holomorphic immersion g 
with mean curvature sphere congruence Sg such that 

f = -Hg = e2{Sgei) 

away from the branch points of g. 

In other words, is Euclidean minimal if and only if / = —NgTLg = 
—HgRg, i.e., / is the rotation of the mean curvature vector Hg of a twistor 
holomorphic curve g by minus tt/2 in the normal bundle of g. Note that 
locally every branched twistor holomorphic immersion g into H that is nei- 
ther totally umbilic nor Euclidean minimal is a 1-step forward Backlund 
transformation of / as in the preceding corollary. 

By Richtcr's theorem [10, Theorem 9], a Willmore surface /: M ^ H 
that is not Euclidean minimal takes values in = ImH if and only if it 
has a 1-step forward Backlund transform g that is minimal with respect to 
the hyperbolic geometry defined by the Hermitian form 

{ixl),if2)) = X2yi + xiy2. 

(By Lemma C.IO the latter is equivalent to Sg being skew with respect to 
(•,•). The hyperbolic minimal Backlund transforms are then characterized 
by the property that Kc{g) = \H.) We obtain: 

Corollary B.6. Let f: M ^ = ImH be a nowhere vanishing conformal 
immersion of a simply connected Riemann surface. Its inversion f~^ is 

Euclidean minimal if and only if there is a branched twistor holom,orphic 
immersion g with mean curvature sphere congruence Sg that is hyperbolic 
minimal with respect to (•, •) and a null vector e\ G such that 

f = -Hg = {ei,Sgei) 

away from the branch points of g. 

In other words, f~^ is Euclidean minimal if and only if / = NgHg = 
TCgRg, i.e., / is the rotation of the mean curvature vector "Hg of a twistor 
holomorphic curve g by 7r/2 in the normal bundle of g. 

B.7. Weierstrass representation and 1 step Backlund transforma- 
tion of twistor holomorphic curves. The formula / = —Hg = e2{Sei) 
in Corollary B.5 can be seen as an integral free version of the Weierstrass 
representation of the minimal surface f~^: we show that f~^ = {e2{Sei))~^ 
is the imaginary part of a holomorphic null curve in obtained from g. 

Right multiplication by i makes into a complex 4-dimensional vector 
space = (]HI^,i). Let [f] C be a twistor holomorphic curve as in 
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Corollary B.5 (i.e., g is neither Euclidean minimal nor totally umbilic). Away 
from the branch points of [ f ] , the i-eigenspaces of its mean curvature sphere 
congruence S coincide with the tangent line congruence (or first osculating 
curve) of its twistor lift, cf. Appendix C. Because by assumption Hg is an 
immersion, the vector ei is only at isolated points an eigenvector of S. The 
tangent line congruence of the twistor holomorphic curve [f ] is, away from 
these isolated points, the holomorphic null immersion 

[S]:M^ Q^ S={ei- 5eii) A (ei + 5eii)j 

in = { [v] G P(A^(EI^, i)) \v /\v = 0}, where ei, 62 is the standard basis 
of 'M? and where null means that the tangent lines of [S] are contained in 
Q*. Consider the real structure on A^(]HI^, i) defined by x A y xj A yj. A 
real basis of K^{M?, i) is then given by 

ei = ei A e2j - eij A 62, £2 = (ei A + ej A 62)!, 

eg = ei A 62 + eij A 62], e.i = (ei A 62 - eij A e2j)i, 

e5 = eiAeij, ee = 62 A e2j. 

A complex bilinear symmetric form (•, •) on A^(]HI^,i) can be defined by 
{x,y)e5 A 66 = X A y. The affine part of the stereographic projection with 
"pole" [65] onto the tangent plane to at [ee] is then 

aiS) = {S - {S,ee)e5){S,e5r^ - h, 

which is a meromorphic null curve in = Span{ei, 62, 63, 64}. Writing 
Sei = eihi + 62/^2 we obtain 

(5,65) = -|/i2p and Im{S - {S,ee)e5 - {S,e5)ee) = -h2, 

where we identify Ini(C^) = H via eii 1, e2i ^ i, 63! j, 641 1— > k. Hence 

Im(a(5)) = h2\h2\-^ = /12 ' = (eliSei))-' = f-\ 

The minimal surface and hence / are contained in ImH = if and 
only if S is orthogonal to ei in A^(BI^,i) with respect to (•,•). But this 
can be shown to be equivalent to S being skew Hermitian with respect to 
the Hermitian form (•, •) in Corollary B.6 which, by Lemma C.IO, is again 
equivalent to g being hyperbolic superminimal. 

Appendix C. Twistor holomorphic curves in HP^ 

This appendix relates properties of the mean curvature sphere congruence 
S of a twistor holomorphic curve to properties of the osculating curves of 
its twistor lift. 

A twistor holomorphic curve in HP^ is a holomorphic curve whose Hopf 
field A vanishes identically (Lemma 3.8) and which hence is in particular 
Willmore (cf. Section 7.1). Equivalently, a holomorphic curve in HP^ is 



44 



CHRISTOPH BOHLE AND G. PAUL PETERS 



twistor holomorphic if and only if the derivative VS of its mean curvature 
sphere congruence S satisfies 

VS = 2*Q. 

C.l. Mean curvature sphere congruence. The k-th osculating curve 
Lk of a holomorphic curve L C C"^"*^ is the analytic continuation of the 
rank fc + 1 subbundle spanned by the k-ih. derivatives of sections of L, cf. 
[17, p. 262]. The first osculating curve or tangent line congruence Li of the 
twistor lift L = { € I ^V' = V'i } C (H^, i) of a twistor holomorphic curve 
L in MF^ is the i-eigenspace of the mean curvature sphere congruence S of 
L, because SVtp = iy S)Lp\ + V ip\ = V(^i for all if e r(L). Although S is not 
defined at branch points of L, the tangent line congruence L\ is, because 
all osculating curves of complex holomorphic curves extend through their 
Weierstrass points. We obtain the following characterization of the branch 
points of L through which the mean curvature sphere congruence extends 
smoothly. 

Lemma C.2. The mean curvature sphere congruence of a twistor holomor- 
phic curve L extends smoothly through a branch point p of L if and only if 
at p the tangent line congruence Li of its twistor lift is not tangent to the 
fiber of the twistor projection, i.e., if = Li\^(B Li}\^. 

C.3. 2 step Backlund transformation. The complex dual curve of the 
twistor lift of a twistor holomorphic curve L in HP^ can again be projected 
to HP^ . We prove now that the curve thus obtained is the dual curve of the 
2-step backward Backlund transform L of L (Appendix B.l). 

Lemma C.4. Let L C 'EP be a non totally umbilic twistor holomorphic 
curve in MF'^ with twistor lift L. Its 2-step backward Backlund transform 
L = im{Q) extends smoothly through zeros of Q and branch points of L 
(where the mean curvature sphere S of L and hence Q is not defined) and 

the dual L C (H )* is a twistor holomorphic curve with mean curvature 
sphere congruence —S* whose twistor lift is the complex dual curve L'^ of L. 

Proof. Since L is twistor holomorphic we have V5 = 2*Q, and Li©Lij = H 
away from the isolated branch points of L, by Lemma C.2. It suffices to show 
that ini(Q) C L2, because L'^ = C (H^i)* = (C^)*. Let (p G r(Li) and 
uJi,u}2 € such that V<^ = ui + uj2j. Then 

2*Q(p = VSif = V{S<p) - SV(p = V(pi - SV(p 
= u>ii + U2ii — ujii — u)2i3 = 2a;2ji- 



Thus im((5) C L2, because Qip = *a;2ij = *wii — *V(^i G fl^{L2) and 
Q(P3 = -*uj2ie ^^iL2) and Q(pj G U^{Li). □ 
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C.5. Euclidean minimal twistor holomorphic curves. Using the char- 
acterization of Euclidean minimal curves in Section 7.3 we obtain the fol- 
lowing characterization of holomorphic curves in HP^ that are twistor holo- 
morphic and Euclidean minimal. 

Lemma C.6. Let L C be a twistor holomorphic curve in HP^ that is not 
totally umbilic. Then L is Euclidean minimal in M = ]HIP^\{oo} for some 
DO G HP if and only if L = im.{Q) is constant if and only if the twistor lift 
of L C (H^, i) lies in a complex plane. The point oo G HP^ then corresponds 
to the unique '^-invariant line in the plane containing L. 

Proof. If L is constant, than oo = L is a point contained in all mean curva- 
ture spheres (because S anti-commutes with Q) and L is Euclidean minimal 
m HP^\{oo}. The point oo is contained in all mean curvature spheres if and 
only if the corresponding complex line in P(]HI^,i) = CP^ intersects all tan- 
gent lines Li of L. But this implies that L is planar (a space curve admitting 
a line that intersects all its tangents is always planar). If L is planar, then 
L'^ is constant and Lemma C.4 implies that L is constant. □ 

C.7. Branching divisors of the osculating curves of the twistor lift. 
Let L be a twistor holomorphic curve with twistor lift of L. The following 

lemma relates the branching divisors of the osculating curves of L to the zero 
divisor ord{Q) of the Hopf field Q oi L and the branching divisors 6(L) and 

b{L) of L and its backward Backlund transform L (extended to the whole 
Riemann surface as in Lemma C.4). 

Lemma C.8. Let L C BP be a twistor holomorphic curve in Hpi with 
holomorphic twistor lift L C (H^, i) for which globally = Li LJ. Then 

b{L) = b{L), b{U) = ord(Q), b{L2) = b(L). 

The last equality holds if L2 and hence L is non-constant. 

Proof. Clearly bp{L) < bp{L) for all p G M with equality if is not a 
quaternionic subspace. Thus Li n LJ = {0} implies 6(L) = b{L). The 

same argument applied to {L) shows h{L2) = b{L), because the complex 
dual L'^ of L is the twistor hft of (L)^, by Lemma C.4, and b{L2) = b{L'^). 
The displayed formula in the proof of Lemma C.4 and = Li © Lij yield 
bp{Li) = min{ ordp(Vv'i — SVif) \ G r(Li)} = mm{oidp{Qip) \ 99 G 
r(Li)} = ordp(Q). □ 

C.9. Superminimal curves in HP"^. A superminimal curve is a twistor 
holomorphic curve that is minimal with respect to some 4-dimensional space 
form subgeometry [6, 14, 15, 16]. 
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As in [10, 20] we use quaternionic Hermitian forms in order to describe the 
space form subgeometries of 4-dimensional Mobius geometry in the quater- 
nionic projective framework: let (•, •) be a non-trivial quaternionic Hermit- 
ian form on and denote = { [^^] G HP^ | {v,v) = 0} its set of null lines. 
Depending on whether (•, •) is definite, indefinite, or degenerate, the set / is 
empty, a round 3-sphere in MF^, or a point. 

If (•, •) is non-degenerate one can define the Riemannian metric 
4 

9[x]{v,w) := r^Re{{v{x),w{x)){x,x) - {v{x),x){x,w{x))) 

on HP^ \ /, where x G and v,w e r[^]HP^ = Hom([x], MVN). The 
Riemannian metric is compatible with the conformal structure on HP^ and 
the Riemannian manifold (EDP^/7, ±g) is isometric to either 5^ or two copies 
of hyperbolic 4-spacc depending on the signature of (•,•). 

If (•, •) is degenerate, the affine chart ]HIP^\{oo} — > H of Section 2.4 in- 
duces, uniquely up to scale, a Euclidean structure on HP-^ \ I = S^\ {oo}. 

Lemma C.IO. A holomorphic curve in MF^ is minimal with respect to the 
space form geometry defined by a Hermitian form (•, •) if and only if its mean 
curvature sphere congruence is skew Hermitian with respect to {■,■)■ 

Proof. A surface in a space form is minimal if and only if all its mean curva- 
ture spheres arc totally geodesic. The 2-spherc described by the eigcnlincs 
of an endomorphism S of that squares to —1 is totally geodesic if and 
only if the corresponding Mobius transformation is an isometry of the space 
form defined by (•, ■) which is equivalent to S being skew Hermitian. □ 

We call a twistor holomorphic curve in HP^ all of whose mean curvature 
spheres are skew with respect to some Hermitian form on spherical, hy- 
perbolic, or Euclidean superminimal depending on the type of the Hermitian 
form. Note that compact superminimal curves in HP''^ exist in all three cases, 
although in the hyperbolic and Euclidean case they go through infinity /. 

The (jC)-part jJ7 = ^((•, •) + •)!) of the Hermitian form (•, •) defines 
an alternating complex 2-form on (H^,i) = C^. Push forward with the 
multiplication by the quaternion j induces real structures on the complex 
vector spaces A'^(lf,i) = and A^(lf,i) = C. One can check that, 
fixing an element in the real part of A^(]HI^, i), the wedge product defines a 
Minkowski product on Re{A'^{lf, i)) ^ M^. 

Because is a real linear form on A^(EI^,i) it can be realized as the 
scalar product with a real clement G Re(A^(BI^, i)). One can check that 
il^ is time like, space like, or light like depending on whether the Hermitian 
form is definite, indefinite, or degenerate. Moreover, it can be proven that 
a twistor holomorphic curve L in HP^ is superminimal with respect to the 
Hermitian form (•, •) on if and only if the tangent line congruence Li of 
its twistor lift L is polar to ilK 
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Proposition C.ll. A holomorphic curve L C is spherical, hyperbolic, 
or Euclidean superminimal if and only if its twistor lift L C (IHI^,i) is holo- 
morphic and its tangent line congruence Li C A^(BI^,i) is polar to a time 
like, space like, or light like vector in Re(A^(]HI^, i)). 

Remark C.12. The 2-form O corresponding to G Re(A^(]HI^, i)) with 
$7^ A Jl" 7^ induces an isomorphism between the complex vector space 
(]H^,i) and its dual. The tangent line congruence Li of L is polar to 
if and only if this isomorphism maps L to its complex dual L'^: take a 
local holomorphic section ip of L. Then Li is polar to if and only if 
fl{'ip,'ip') = 0. But this implies = and is hence equivalent to 

ker(r2(-0, .)) = spandV', V'') V'"}) i-^-j to L being self-dual in the sense that 
L = L'^ with respect to the isomorphism induced by $7. This shows that the 
twistor lift of a spherical or hyperbolic superminimal curve in MP^ is self 
dual. 
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